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OUTlINE OF AN ACCEPTABLE M THOD OF VIBRATION
AND FLUTTER ANALYSIS FOR A CONIDUTIONAL AIRPE

Purpose

The obj ct of this Report is ti present the minimum of necessary
information and technique on three-dimensional flutter calculation to cover-
a conventional case. It is intendedI to be used primarily by those engineers
previously unacquainted with flutter problems who may be faced with the
problem of meeting anti-flutter requirements during design of an aircraft to
fly at "incompressible" air speetb. It is intended to be used as a simple
introduction to engineering calculation which should be supplemented by use
of AAF TR 4798, "Application of Three-Dimensional Flutter Theory to Aircraft
Structures."

Appendices II to V of this Report are intended as additional material
Which covers some of the xore important standard background of the usual
flutter engineer. However, this material is placed in Appendices rather
than the main body o& the Report because the authors of the Report consider
the Appendix material unnecessary to those requiring only a bare minimum in
the way of flutter analysis. -

The basic Report presents a brief introduction to the concepts of
vibration and flutter calculations on a conventional aircraft wing. Just
the necessary geometric conventions are established; then mass properties of
wing and aileron are described. The next section gives a description, with
examples, of how to calculate uncoupled vibration modes which re used in the
ensuing analysis. The main sectfon of the Report describes in detail, step-by-
step use of a tabular technique for making the three-dimensional- ing flutter
calculations required. A cozipete illustrative example is included. The basic
theory of Mutter is not consicered in the Report, but rather the emphasis is
placed on solution by means of the given tabular ;echnique.

This technique requires the use of a computing machine havinZ an
automatic multiplication feature. It is not claimed that the technique is
exceptional nor preferable to others employed by already-skilled flutter
analysis. It is merely presented as one proved means of meeting the minimum
calculation reauirements convent!onally encountered. The technique is three-
dimensional, i.e., includes the spanwise effect of wing modal patterns during
'Vibration, and is thus far superior to two-dimensional calculations, which
are now generally considered obsolete.

The final section of the main body of the Report deals briefly with
minimum cocsiderations on empennage vibration and flutter calculations. Die
means employed in this discussion is to relate the empennage problem directly
to what has been previously developed in detail for the wing problem.

The appendices cover in detail the following more "advanced" topics:

II. The solution of frequency equations by matrix technique (including
tile obtaining of modes higher than tre fundamental)

IX. Coupled modes of- vibration of a free-free wing in air (using matrix
technique)
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:1T. Three-degree, three-dimenional flutter theory (atandard theory
logically developed and presented)

:T. Wing flutter calculation based in coupled vibratic. mod'r ItJieory
of using ground vibration modes rather than uncoupled mcde
directly in flutter analysis)

The aim of the Report being to present only a minimm flutter
analysis., the scope of material herein is recessarily restricted. &iwever,
the analysis as presented aims at omitting no easent•Usi. consideration,
such as, 2elative to vibration; describing the mi-'calculation
technique needed to get uncoupled vibration modes for subsequent flutter
calculation, including symmetric and ursymmetric bam-ding and torsion
modes; relative to flutter, employ~ng at least three deg, ee ot freedomp
including the movable control surface; employing spaxmise (three--dimensional)
modal effects on mechanical ard aerodynamic temws; using the actual
parameters of the airplane in muestio-, rather than employing oversimplifying
assumption-; taking into account the effect of taper of the fixed surface
an air-force expressioms.

Certain considerations are however, o.'Ated. Among thbse are,
relative to vibration; the use of modes hgher than the fndamontal the
calculation or test measurement of coupled modes; relative to flutter;
the employment of more than three degree of freedom; the inclusion of
effects of wing taper over the region of the control surface;, the twist
of the control surface; arV effects of corpressibility; effectq of free-
body motion of the entire airplane; the offect of aspect ratio on oscil.-
latory air forces.

The sope is limit÷d to application to ronyntional aisplaws, and
of these, usnal cases on!r. It is entrey possible that unusual air-
cumstances, even on conventional airplanes, will require more elaborate
analyses than herein presented. HEowever, the authors believe that the
design parameters available for variation, in Oarticular control surface
balance weights will often be adjusted to within reasonable valnes .by
the mini:mu analysis suggested herein and more elaborate analyses are
seldom warranted,

While the analysis considers Tm incoopressibl. 3 air e=7, it Is con-
sidered that it can be applied to cover cr-ses in a range uZ Mach nuers l
up to .8 in cases where a vov substantitl flutter safety margin is
calculated.

A. 'RING GEOMMRI PROPERTIM

Is Breakdown into strips

m9ý "t step in a vibration and flutter analysis of a conventional
airplaw wing is to assume it broken down into a number of chordwise
stripe, as 411us .a-w in pig 1.
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Figure 1

The first strip h its inboardiend at the caneerlins of the airplane.

The aileron is also assumed broken into chordwise strips in similar
fashion.

2. Elastic Axis

The stin axis can be defined as a line, ?ixed within the wing,
about which the wing twists when under torsional loads. (Actually such
a lime my not be exactly deternamble with assurance of accuracy or-
fixity since it may vary with type of wing loading and other factors.
Eowever, experience has shown that a reasoneble assumption of the
position of this axis can be wade and that such an assumption will
lead to acceptable results in flutter calculation.)*

If the airplane is in the design stage the axis my be taken as the
locus of the shear centers of wing torque boxes or, in the case of two-
spar wing, a line through those points which are located between the
spars in inverse distance from the spars as the spar section moments
of inertia.

If the airplane is available for test, a test procedure is provided
for example, by the use of two jacks mounted on platform scales or
otherwise equipped to measure their loads. At the center chord of each
wing strip a forward and an aft location (for example, front and real.
spars) my be chosen. With the Jacks located symmetrically on right aid
left wings, loads of the same magnitude are applied by each jack on a
forward push-up point at a given strip. The daflections (q)f and (4r)i,
respectively of front and rear spars ard noted with respect to a reference
plane determined, by two distince lines intersecting and perpendicular to
the airplane centerline and parallel to the ground. The procedure is
repeated with the same load and the jacks at the aft hush-Up point of the
am chord. The corresponding deflections (dr)r and (dr) are measured
with respect to the same reference plans, let . be the dIstance between
the referenoe poits a• r the distanoe from the forward point to the
elastic axis, ret de.. be the deflection of the elastic axis. Then

,I/



for a load at the forward point:

do. (drm. (df)f - "r~f it(1r

and for the same load at the rearward point of the same section:

d.a. (df)r 4 (dr)r -(df)r, r
R

Equating these two values of elastic axis deflectidns, which must be the
same for the same pplied load, there is obtained an expression which
may be solved for r, thus locating the elastic axis at the section in
question. The procedure may be repeated for each strip into which the
iring is divided.

Once the elastic axis is determined for the entire wing it is con-
venient to replace it, if it is sl4ghtly curved., by a straight line fai, d
through it, at a constant percentage of chord. This makes for considerable
ease of calculation subsequently.

3,. Notation

The following conventions will be established (see Fig. 2) for

each stripwise section:

E1ASTIc Axis Aeu--

Si.chord of d. IoJIOC, e de

- -
.1

SlI l.,,• efe ,

[----'"h"t
..-.---- ,. Wi

ZM...4 .
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b semi-chord (ft.) of wing a section in questi.on
ob distance (ft.) from wing midohord to ailer= leading odge
cb distance (ft.) from wing midchvrd to aileron binge line

x1tb : distance (ft.) from wing elastic axis to c~g. of section
ab a distance (ft.) Xrom wing midohord to elastic axis of section

In all cases mesurements are positive aft from the wing midohord,
or, in the case of z• , aft from the elastic axis; and they are negative
"in the opposite direction. The above quantities are determined for each strip
of the wing.

As mentioned for the elastic axis, it is ocnvenient for subsequent
calculations to fair a straight line tbrycuw any slighitly curved line in the
wing plnf'orm representing the locus of points eb, ab, o- ob at each section,
thus establishing a constant value for e, a, and a for the subsequent flutter
analysis.

For purpoes developed later, a representative semi-chord br (feet for
the entire wing is needed. This may ber taken as; average semi-chord of the
wing, the semi-chord at the 75% semi-span station, or the semi-chord at the
aileron midapen section, whichever appeals to the analyst as most suitable for ___
this particular problem.

B. MASS PRUPERTUS

.The following properties ar, calculated for each wing strip: (including any
aileron present in th" strip)

"1. Total mass (slugs " ls : m
32.2

2.. Total static moment (slugs x ft.) about the elastic axis of
the given strip:

3. Total mass moment of Sislug b about the elastic

axis of the given' strip:
Y• • cE ÷ m(z • b) 2

where Ieg is the total wss momnt of inertia of the strip about a span-wise
axis parallel to the elastic axis of the strip and passing through the center
of gravity of the strips

C. Alincy M PR

The following properties are calculated for each aileron strip:
1. Total static moment (slugs x ft.) of the given strip about the

aileron hinge line:

S
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2. T otal; momentof inert!a (slugs x ft. 2) of the given strip

aboit the aileron hinge line:

3. Product of inertia (slugs x ft' 2 ) of the given strip about the
aileron hinge line and wing elastic E-493

D. Wine ole vjbratiMcdes

i. •in• nf!1uce coefficients

If the airpplazn is in the design stage ..he iilugnce coefficients may
be calculated from strert data; if it is vorapleted they may be measured
'.n a cimple t'st.

(a) Torsionl ' I nfluence coeffiienets (xy), These are
leflned as th, torsional defieotion in radians at a

)"wise ;trip x dhe to a torque of one foot poi4. applie.
in the plane sf span"ise strip y, The exact rthod of
analytical determination of these zcefficients depens on the
structure of the particular wIng w uder Lzideratticn, If the
airrlane is w:ai'able for test, however, the ifluaanc
coefficieats aay IN determined directly by a nothad uimilar
tot,.- puab-'up method described for determining the elastic
axis. This oet•hod consists si3A of dateriining the
deflectica (relative to the wing root) of each ¶uahm-upl
point for a giv.?n unit load s..ccessively at each ether lpush.-up
point. The torsional defleetiýns under a unit toorque at a given
atatloi can then be calculated from theoreticl app~lcations,
at a given secticii, of equal and opposite loads of properly
scaled nagnitudo. The set of Snluenc coeffic-snte In t•r•ic
can be arrayed in a t&bular or L fo- as D2l'Uu aftd-

12.0~0 28.56 42, 51*96 51.96'54S.19o

28.56 48,00 l2l. " 38.00 138.00 338.00
42.00 M1.56 19 ,s. 246.oo 24•6.oo 246.oo
51.96 138.O0 24-5.00 369;00 435900 405.00
51.96 138.00 246.00 405.00 7%t00 798.00
51U96 338.00 246.00 405.00 798,00 1776.00

A

S- --- - _ _ _- • . .. . . - _ - .-: : -- --.. ,:-:-



(b) Ln ca mroefficiLete 4 (x.y). These ae
defined ae the vertical defleotioa of the elastic axis at spaniwise
station x due to application of oq pound vertical load at spaewse
station y. The set of Influenee coefficients in bending can be
arrayed in a matrix as illuatrated belows

S*(r.y)x• (ft./lb.)

""36 l.96 3V.7 5.07 7.53 9.72
1.96 6.50 12.50 2,1F 342.83 •'45.00
3.27 12.590 25.67 46.00 73.50 102.83
5.07 .a7,17 46.03 92o17 1J5775 228.08
7.53 3`2. 1ý3 73-.50 157.75 303.08 470.42
9.72 45.( 24,4t243 228.08 470.42 817.17

(a) 8_2mr~ r o h.nc-a ooefficits It wM be notd that both
-torsion and bending influence coefficient matrices are symmetrioal
about their princi a diagonals (ite* listed from upper left to
lomr.right oorner)s This is due to the nature of elstic structures .... _-

as expressed by ftxusi, Law yf Reciprocal..Deflections. (Notes The
above matrices are chosen arbitrarily and are not associated with the
exapIe omployed later in flutter analysis.)

2. Zn ed 1to rAl vibration mode.

Urben a wing is restrained against bending It ca vibrate only in
its natural "ors l~al Modes. These are dofined as the naeu'=l
simple harmon.o vibratory configurations or shapes which a wing
assune when vibrating in pire toraion only. (Such mre vibration is
impogsible In actual practice, where always now I occur&
betwsan tending and torsion. RoLa er, for zowenlent calculation
purposes which appear later, q modv are used.)

Por calculation of a vibravcn mode the material reure d consists
of (1) the set of torasonal inflasnoe coefficients and (2) the stri
wits va s ok le. The eqtrAtions of uApsple hrnmoic otioncan tbsn
be eipritsed as r.Toravonal deflection a~t station QJ a

[!=O nerbla torql)5J x- *nfluen-ce c-oefficients affecting swaioUI
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In algebraic symbols

Oc T ec0,) + Ta (0,z) 0 . (t,&)

.,T• "e(,.) +Te (z,z .+ ..... T, (z,)

E)T G(6, 1) T2,,G(9 ,a) + '- T& E() ,')

where Ti is the inertia torque at spansise strip i1

where fa is the torsional vibrating frequency in cycles per2 minute,
Is is the mass moment of inertia of strip i (slugs ft ) about
the elastic ai.s and O0 i is the angular deilection of otrip i
in radians. TIt equations of.motion then become

14IfKI- [0. A Ki), + I. ),~.o~,

60

Theme equations can be solved by the mich-used method of Iterttio.
This is done by dealing with t 'he coefficients- I.,. ~3 j
instead of tie entire equation. 0 ¶'-ar igedin tabul.' or mtri.

forK in just the sami pesitions they would occupy in the ordinary
algebraic equations above, but algbrai signs an om.itted. Thj
result A* tte following matrLx eSMatimnt

-- a - ~ ~ **~ 7 ~Q
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This equation is equivalent to the previous algebraic
equations when "row by colum" multiplication is used, i.e.,
a row of the square array or table is matched item by item
with the last column of 0'g and multiplied termwise; then the
results are added together.

As an example, assume that a set of IE valued are known:

I, 30o.48 slugs ft 2

lz.• ., 16.478

14L 4 9.972
IOL, 5.283
ISL6 2.568

Th matrix of products .,. e(t, 0 ) is expressed below
(using the arbitrary matrix ol torsional influence coefficients
developed abxme): This resultl is called the dynamic matrix for
uucouipled tor.sions

365.49 470.62 55o.80 518.13 274.48 133.h"
869.87 790.96 1594.16 1376.09 128.99 354.43

1279.22 200).1n 2596.61 2453.03 1299.50 631.81
ý1582.;7 2274.01 3226,09 3679.55 2!39.4l 1040.18
1582.•57 2274.01 3226.09 4038.-3 4215.44 2049.53

:i582-57 2274-.01 3226.09. 4038.53 42155.4 4561.36

Above, all the nwmbers of the first column are the product of
30.458 times the respective elements of the first colum of the mirtkix
"of influence ccefficients; all the numbers of the second column are
products of 16.h78 timea the respective elements of the second
column of the influence coefficient matrixj etc.

The solution of the dynamic xrtvix equation proceeds by iteration,
as follows, on the dynamic matrix: Assume any coiu-- of six numbers,

... I
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the largest of which (in the last place) is 1:

.0868

.2255.4029

.5853

.7370
1.0000

(This colv-n was assumed on the basis of 8me prior biowledge as to
the expected rxde shape. This knowledge is a help but is not essential.)
Multiply the dynamic matrix uram-byrcolumn" by this coluai, obtaining
the following result:

1012
2630
4~699
682S
9681

12193

Divide all the numbers of this colun by 12193, obtaining I ap the
largest quotient; thig is called noraalizini

.0830

.23,57

.3854

.5600

.7940
1.0000

Repeat the above process until the normalized row converges

(i.e., gives the name result to a desired degree of accuracy on two
successive iterations)* The complete results are given below:

Assuamed Mode Final Node

.0868 .0o30 .0819 .0816 .0815

.2255 .2157 .2128 .2121 .2119

.4029 .3854 .3802 .3789 .3786

.5853 .56&W .5538 .5521 .5517

.7870 .7940 .7913 .7902 .7899
1.0000 1.0000 1.0000 100000 1.0000

Divisor •f.2193 21



It is seen that the last two normalized columns are identical to
the third decimal place, and the resulting mode in uncoupled torsion is

Sta 1 .082
Sta 2 .212
Sta 3

Sta, .790
Sta 6 1.000

The frequency associated with this mode is given from the relation

or - " : 2762 cu

The above fundamental torsional mode and frequency have been calculated
an the assuption that the fuselage mass pitching moment of inertia
is infinitely large, (i.e., the fuwelage is immobile). This is a
reasomble assumption in most analyses.

3. Uhcoupled bending vibration modes.

This procedure is very similar to the calculation of torsional
modes. The iteration process employed is identical. Hwever, the
mass of the fuselage enters these calculations and, as a result,
there must be expressed means of calculating two types of bending
modes; symnetrical and unsyutricsl.

In the symetrical modes of bending the airplane end its wing
take a modal shape which isidentical on left and right sides, and
m~y be represented schematically as in Fig. 3.

RF RIGHTh

S/ ~Rer. R..,l,.

It can be seen in Fig. 3 that the fuselage translates vertically
about its reference p "tion in the symetrical mode.

,WaV &
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In the unsmmetricul modes of bending the airplane and its
wing tke a modal shape in which the position of the left side to

mairrored m in tk right side, i.e., tha saw deflection oecces
but is negative, in direction on the opposite side. This is
illustrated in Figure 4.

L,•,'r" /Fusslm"I

(a) Scmtrial mods calculation. The exprossio. for
determining that a mode Ee symetrital is that the cm of
vertical inertia forces be szer on one side of the airplane.
Since inertia forces in harmonic vibration are the products
of mass times acceleration, and acceleration in proportioal
to deflection, there is obtained tbe expression.

mo ho+ m1 hi + R2 2 +... +6 h6 n

where al is the mass (slugs) of the ith wing strip
(including half the weight of the fuselage in the fsere"
itrip at the airplane center line) and hi is the deflection
(feet) of the ith strip.

he equations of motion state that deflection at
strip i is tla sun of inertia forces at the various stripe
multiplied by the bending influence coefficients which affect
strip i; deflection will now be measured with respect
to the deflection of the "sero* strip, or fuselage centerline:

SF,,&(ee) + F. ÷. ... '. •e,)

•.~ r.j;(•,,)÷ ............. ~ F & s ,,

+ -Sol
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LIU) m ~i h the lnerb force andkg(rj)

Where~ F, toj dfetoni et(
is the influence coefficient representing bending deflection In feet
(with respect to fuselage) of spanwise point i due to a ore pound
load at point J.

Thus the equations become

h~ E, + 4 +gM6h

0 Eon , ,). ....... + ,ff.4

The ho tern =1st be removed before further calculation is feasible. This
is accomplished by multiplying the first equation thronah by ml, the
seccnd by nim, etc., A &dding the results. This gives

ml h l -- ÷m4hh - (ml%,2... +.n 6 ) ho

But from the corditicn for symmetri"aI modest

Substituting thia in the above ives ho in term Of

times a combination of h1 to h6 terms Replacing this in the original
equation removes the ho term from each.

The above process will be made clearer by an illustrati."e example.
Asume the previously given set of bending influenoe coefficients.

a, - ---- -
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Assume the following set of masses at wing strips:

87.20 slugs
i 17.99

m2 8.15
m3 10.00

SE4.26

35 2.05
m6  1.52

The 1a4mic atrix for symmetric bending then consists of the
coefficients in the following dynamic equations:

(hl- h.) x lO (2.88 hi + 15.97 h2 + 32.70 h3 + 21.60 h4 + 15.44 h5s+
14.3J77 h6 tb)

___(h 2 - ho) x 107"(15.66 hit 52.98 h22* 125.00 h3 4 90.18 h4 +67.39 h5
'68.4 o -f

7(h3 - ho) x 10v (26.13 h1 + 101_88 h2 + 256.70 h3 + 195.96 hj4* 150.68 h5
*156.30 6 );

(h4 - ho) x 10- ('!,0.51 hl 1 172.54 h2 + 460.00 h3 + 392.64 h4 + 323.39 h5
*346.68 h

7
(h5 -- ho) x 10- (60.16 h11 267.56 h2 t 735.00 h3 t 672.02 h4+ 621.31 h5

4 715.04s h&) 4 ~)"

(h6 -- ho) % 101 (77.66 h.1" 366.75 h + 1028.30 h3 + 971.62 h4 * 967.36 h5

12142.10 h6 )(r)

The equations are then successively multiplied by ma, In etc.,
and added. The result is:

-33.97ho0 m, u hiz (8 2 5.88hi + 3419.17h2 + 8876.39h3+7394.30h4

+6295.8h 5 +



or, since
,lh1+,uh2÷R 3h3+l 4h,+tr2 5 *m z'o= "-B7,.2o ho

ho can be egre.ja se;

S - (2-_rf_ 1,. [ 6. 2.822 + 75.5263 *61.2o+k 4 + 51,965

Thus h. can be eliminated from the dynamic equations.
The result in matrix form is

r- " -3.94 -1.25 -40.56-39.4e -36.52 -43.57T h .
12 8.84 24.76 51.74 29.16 15.34 10.06 h2 I A
h3  19.31 73.66 183.44 13b.94 98.72 97.96 h3
.4 10- 33.69 144.32 386.74 331.62 271.43 285.31
b- 53.34 239.34 661.74 611.00 569.15 6-6.70 b

670.84 338-53 955.04 910.60 912.40 1183.76L

Iteration on this gives the following resatalt

Assued Mods

-.004 -.039 -. 039 -. 039
-. 02 .016 .06 '16
•1 .103 .103 .03
•30 .281 .280 .280
.61 .602 .594  .594

1•00 1.000 1.000 1.000
a 2333 294 2085

The frequency f& is defined by
I.' = 2o85

or l

Using the previous expression fbr h in term of hb, "".6,
the ialue of ho is found= 0ho = -.oss
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"Then the following is the complete definition of the first synmatrical
bending modoe

Sta. 0 -. 055
St~a. 1.-"039
Sta. 206
Sta. 3 .103
Sta. 4 .280
Sta. 5 M59
Sta. 6 1.000

Note that this mode accowits for a displioement of the fuselage in
opposite phase to that of the ving tip, as shown in Fig=r• 3.

(b)- Unedtrcal modes oa tpoati The epesson for determining that
a mode be mnsymmetr~ca3. is that the sm of rol3lng, Inertia moments be

•,',• ,,•,• .... ,-'**-. ,,,,-,--..-_.__ -

where b is the displacemnt (feet) of strip 1. from its equilibrium
positicc, yi is the distane (feet) fron the airplane centerline spaswise
to the center of strip i, If is the fuselage -ass momant of inertia In roll
aboit its centerlimne e is the &nVular roll of the fuselage dwing
vibration. The equations of motion in this case are

1,A czif)5 G

•,ai

04

To eliminate the terms in j, a procedure analagme to that used in
the symmetric case is employed. IbIltiply the first equation by a, yi p
ttbs wna.! by z2 y2' eto., arA add rermma ; thus

+ ,, VS .... + -, S ., -+.,

M .On +
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But from the equilibrium condition for unsymmetric modes

.......... .............. m,•,h, -- fe
Hence the left hand of the above equation becomes

-eC l I.+ ML ....... + If]

which can be recognized as -- e a

where I. is rolling moment of inertia of j of the entire airplane.
Thus e can be expressed as (times a combination of the hi

terms, and e can thus be eliminated. An illustrative example will
be presented to make this point clear. The first vnsybmetric mode
will be worked out for the airplane having the previously given set
of influence coefficients in bending. The dynamic equations for un-
symmetric bending are the same as those for symmetric bending when
hi-h is replaced by hi-y . In matrix form these are

10

"2.88 15.97 32.70 21.60 15.44 14.7f h,

-y2 3 15.66 52.98 125.00 90.18 67.30 68.40
26.13 101.88 256.70 195.96 250.68 156.30 b 13

h4-y74e 40. 172.5l 460.00 392.64 323.39 346.68
h-y,1- 60.16 267.56 735.00 672.02 621.31 71S.04

h676Q0 77.66 366.75 1028.30 971.62 964.36 12E12.10 .h

To eliminate the terms in Q the valufg of 71 are needed.

In this example they will be taken as

1 = 2.950 feet

Y2 r 4.84~2
73 r 6.542

= 9.208
v 12.867

6 = 16.833



Tbus
?J2.571 slWt-ft.

myvv65.42D-

rn4y4.i 39.226
my . 26.377

? 5.586

Mlbtiplying the Zi.vot dynamio equatiosi by mlyl, the
second by m2y2p etc.,, and1 adding resUlts yields

£7558111 + 3234Th2 + 86238h13 + 74875h4

____+66625h 5 +.77512106 60-

rF IgL in taken an 21000 slug-fts

e -3.6o111 + 1%.4% +. 43-.07h13 35.6544 + 31073h15 + 36.911161

Hence

LIO e Lo62h, + 4 5,43 h2 3 21,16b + 105.17h4 + 9360 1V8.88ht 10
5 67

ye :~(~fi.C3.1hi.+41.57h .3 861h~ + 172.27hi4221 + 153.6% 1

jr19 2 as [46.3211+ 198,15h2 + 528.45h3 + 458.71114 4oe0.2&15 + 'hai-

[6.6h 259,23112 +69143313 + 600*1h 4 + 534.1%h + 621.31116) i0. 7
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The following matrix equation resulta from eliminating 0
terms from the dynamic equations:

Fh3 -7.714 -.29.146 -88.146 -83.57 -78.16 .94.11 h
h72  -1.77 -21.59 -73.86 -82.44 -86.34 -310.322

!2.58 1.1 -11.98 -37.26 -56.90 -85.17] k1 0
h4 7:36 30.71 81.83 64.37 31.22 6.18 .
h5 ~134 69.I41 206.55 213.31 213.014 2140.12 I

017.06 107.52 336.97 371.52 430.25 620.79 J
The solution of this matrix equation is obtained by the

iteration process already used above. The results are below:

Assumed Mode

-. 175 - 78.387 -. 131 -98.762 -i414o -103.865 -. 1461
-. 238 -103.525 -. 173 -122.375 -. 1784 -127.650 -. 1796
-.. 37 -95.646 -. 160 -102.680 -. 1497 -,105.454 -.31484
-. 114 -19.285 -. 032 -3.6041 -. 0053 -. 1418 -. 0006

.296 210.969 .353 261.628 .3824 274.947 .3868
1.0o0 597.354 1.O00 686.029 1,0000 710.836 1.0000

Result

-104.743 -.14646 -104.888 -. 14651 -. 147
-128.570 -. 17977 -L28.721 -. 17981 -. 180
-1o0.959 -. 14815 -106.040 -. 14812 -. 148

.108 .00015 .196 .00027 .000
277.256 .38767 277.656 .38782 .388
715.178 1.00000 715.851 1.00000 1.000

lay 7

The uncoupled symmetric bending, unsymmetric bending, and torsion
modes are plotted in Figure 5.

A/rl&.



-20-

Note: The detailed discussion of calculation of fundamental and higher
modes of any given matrix is gi-n in Appendix 11. The tbeory for
calculation of coupled modes is rgiven in Section I of this r4port
and in Appendix IM.
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E.WIWr FLUTM IIAMLY$SI

The theory upon which this section of the Report is based is
found in Anmy Air rorces Technical Report No. 4798, "Application
of Three-Dimensional Flutter Theory to Aircr-.ft Structures," by
Benjamin Smilg and Lee S. Wasserman. The reader is assixned to
have a copy of this report a-ailable. It wi1l be dire~tly em-
ployed to furnish certain aero#d-"zmc terzs necehsar7 in flutter
calculations. The thecretical considerations discussed here
will be confined to those of computation only, and not to týe basic
theory of flutter. The essential zontributien of thie section
is the presentation of the computation scheme in a sequence of
concise tables.

The flutter' condition for a givn airplane wing exists when
that wing is flyti~g at a certain critical airspeed. ThiF criticl
"airspeed it that which maintains definite harmonic oscillations of
the airfoil in its natural configurations without allowing theki
to damp out. The phenomenon of flutter is classed with self-excited
vibration phenomena and is characterized by the fact that the wing
a-. the critical flutter speed picks uP energy of motion from the
air stream (by virtue of its position) an rapidly as it can dissipate
it by internal damping or other means.

The mathematical solution of the problem assumes the wing to
have three domes of freedom in which to move at any sections
vertical (bending), rotat onal (torsion) and the rotation of any
attached flapped gurface about its hinge line(aileron).

The solution is further donoted as three-dimensional (rather
than two-dimensional) because the Cpamtise dimension of the wing
enters the calculation through the mod&s (characteristic vibratory
shapes) ta4kn by the entire win& In-SWPn'14 g and torsion. The
air force effects calculated for each two-dimensional soction of
the wing are intrated ovr these modes spanwise to obtain a
thre-d ensifnal affect. Usually, the (relatively small) effects
of wing aspect ratio are neglected for the usual analysis based
upon -intompressiblo ul6w.

The mathematical problem rerolves itself into the solution
of the following threeIdegrea-of-freedom-stability determinant:

- - --- -------

- - -- - - - -- - -

_____________
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the elements T, •, etc of vhich ar given ex0licit2 on P&W
62 and 63 or Af•m-7?96. Therein effects of a geared tab ane
.included,. These effActs are not considersd here.

For convenience and compu+itatIle purposes, some notation it
employed here W~ch is different from that used in AAF T-l-4798.
The present notation is zd~ptefrowa tome convenient and appropriate
notation employed first b, M. Yachter.

The equivalonce of the two notations is stated telow for those
terms where they differ.

AAF TR-4+7'8 THIS RgPoRT

5W 5,(x)

C_ Y-.) F •Foo

I.0
(Y.)

rb f AP ~e 
,~ ~

- - -.. -. --
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£ non-dimcnsional damping coefficient for entire wing coupled
motion.

The following ae.-odnamic parts of the various determinant elements
are defined for use here:

Win Terms

£MI bfL~)Ac # h,(A)bfsd.6

" (L)

(4d. (-- FMd-°

Aileron Terms

A, aT f ~ae-) L. (c*-,e)TA i,+( (c-e)Ph2*a- b4  *F~ x d xz
A PhafIIt1, ( )Ph. 9fx



With the definitims made above, the determinant elammnti of
AAF TR-4798 can be ezpressed as follows (gea•ed tab effects am
neglected altogether)t

x. So. +-7r A,
p' so +wpA.,j%

b " th- ecoI g, d A. t

Thus each term is divided Into aeerow the and nechanical partie

6, the first r -w of deterzinat el ts in divided through
by Jr. the second by 14CI and the third by IA The resuling
determinanit has the form

Z Ai, !~

ifere the determinant elements are now the wadmn sional quantitiess

soo

Aho '... " : ,

- -. _ _ -.. ". , ,",_ _' j . = - . . .]

Z• W6 • ,
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Iir

Aggc :&+1PA04i

Ae +

The expansion of the above determinant would ordinarily result
in a cubic polynomial in Z, Thbi can be solved by standard means.
However, since the plynomial would have complex coefficients and
the roots Z would be complex, .i-. is considered simpler here to make
assumptions which result in a quadratic in Z &hich is more easily
solved.

The assumption consis~t in evalukting the term App- Z
by assuming on the basis of experience that g - .O2 :.n this term
and the ratioy has a definite value, where .. I.

and fe is the critical frequency of flutter oscillations In opa.

yaseuming different. frequency ratios HL 6AV ,t~ kII
4)

a range of cases can be covered to include must cases encountered in
the actual airplane. The term Ae- L is replaced by

IL

Am.-- (+.) , ..orj)Ufr) + A,, -a W&- ) (• ,+or- )

which has k definite numerical value for each ass_ eed frequency
ratio •_. The determinant then has tie appearance

A,0, z A.a Ah,

A A.A-ZP

,Ag. A,,.
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JI.

Thi s ex dd to give the quadratic 2 -2 X Z q- 0

where

A: {,-' ;. A&,. #A Ah÷,7*,-, A,•..A j.

- 4~ ~ AmA Aggc Am Ast A Oac-Aa Ai, . + A he•.•, .

The solutions are Za >. - I ,4A O Za= AAf/ ni4"

Let

&z , + Yj'tz,- X,*jY•-••- ,'•3

Then ye YL

where g1 and g2 are the damping coefficients required for flutter to
exist at a given 2/k value (one corresponds to each root Z).

Now

-V1

. .b. -

.Lar
~b
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v1ere T1 ad am the flutlr vulocities assodated with the rooft Z1 Z

for a giv~n 2A value.

For convenience in plott1ing fnal results, g (percent) versus

.V (mph) is desired for each 3/k value: g %-g x 200 %

V (mph) v (ftlse) , _br (ft)

Beding Torsion Flutter

In case the aileron frequency can be assumed infinite (aileron rigid)#
tho following simplification results; all determinant elements with a
subscript are zero. The determinant becomes, then

=0

which, on expansion, become -2\Z+ 1: 0

where I+

The solution proceeds as in the three-degree case.

2&jare Root of a Complex Number

The tern - appears in the theory above, where ( - )

in a coplex nuber R 4j I. The positive square root is taken as follws:

Let TRMjI = Rd4+JTO

Now' R4-i1I (cooG +.- jsine) fet
AndR+31 ufkcosfI + eain) z fiel

*Now cosn *IrrEc1e :, sin + co" 2 -- 2

-. - --
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R+ - 1 +_ 008 +r.° -0

Ihstfthen -O_ J 10 a + =-+ R"... "

low if theopositiveo root only is sougbt it is nfficient to confine the

ambiguity of sip to a singls term, say the fizitj thus

Further# it is easily seen that

=0. ('for 1.•o
To remove the ambiguity of sig in n 0 consuder all possibilities:

o0 )O0 0o p`
(0 o0o 40 6

o (o o0

It wil be seen that 1o is alWay - o and the uip of 1ý Is always

the sa as the sin of 1. Henoe the followig rle is set ups

1. Given- R J.1; to find . , RjI " (Ro+ oI

2. Find 1o _6 V _-

3. Find R

--.. ... ./ _ - • + --_ .- .' J ... _ -- . .
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2. E.,Smta*.tll.n

Before begimn'ng computation., those wing modes to be considered should
be selected. It i3 not possible to tell beforehand which modes are likely
to result in the aoi-t critical flutter condition. Thus it is necessary to
select various modes azd perform cepate a lybes for each combination of
modes chouon.

For the wing it is considered sufficient for a minimm anayisis to make
the followng two selections of modes and an analysis made lased on
each combinations

(1) f(x) first Sr,,atric uncopled -bending nmde
Y(W) first mconupled torsion mode

(2) f(z) first unsynetric uncoupled bending mode

F(x) first uncoupled torsion mode

The cescriptions which follor pertain to the use of the tabular

form (Tables 1-7) in performing actual flutter computations.

Table 1

This table is designed to evaluate the wing interls of both inertia
and purely geometric content. Columns U' .Q , (P . 9 9 Q,

Q© *'® , (3 s @ ,@1 are xumed to obtain approximations of these integralsý.

Therein f (W) is the uncoupled bending mode obtained from vibration
analysis ard Fs F W (x) is the analogous uncoupled torsion mode.
Throughout; the subscript s is similarly used to denote the value of the
particular parameter designated at a given strip a,

Table 2
T his +Ab " ladesigned to evaluate the aileron integrals f I '

of bth irA and geomtric content. Colh= ®, , @ , @
are suwied to obtain these integrals. Co.,= @ s() ,m,0 (D) , 0

"2---...""- - •----'- - " . . -- - -- " -- " -- - " "'
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of this table should be computed separate2j -'

for each condition of aileron static balance.

Aileron static balance is specified in percent and is computed

as follows: Let (So. represent the unbalance (slug ft.) of the

aileron without any balance weights. if a mass of balance weights
of mb slugs is placed xb feet ahead of the aileron hinge, the

resulting percent aileron balance is :10b X %. Often

the aileron is stripwise balanced.

Table 3.

This table is designed to evaluate the wing aerodynamic terms.

Am, Au, Aah SA44%

In setting up a tabular flutter analysis a useful series of

values of the flutter parameter, is chosen first. ThiaX~ brWca
runs across the topc of Table 3 and subsequent tables, This parameter
is a governing element in that it determines the evaluation of the
flutter stability determinant at various points., one at a time. In

the expression fort V Us the velocity of the airplane

(feet/second), br is the reference semi-chord, and W. is the
flutter frequenty (radians/sec). A suitable range for the 3/k
parameter may be found for a given airplane as follows: Let v be
chosen 50 to 100% higher than the maximu glide velocity of the

airplane. Coose .' , where fe is ths umcoupled torsional

frequency of the wing in cycles per minute as determined from
vibration analysis or approximated from a vibration test. Calbulata

Xusing these values. let this value be an upper limit

to the values from the following set to fill in the top line of
Table 3 and subsequent tables, being sure to include the calculated

ax im at the ight hand endt 0., 0.25t, 0.5, 0.83P, 1.25P,
1.67, 2.00, 2.50, 2.94,, 3.33, 3.75, 4.l?, 5#oo, 6.25#, 8.33, 10.00.

2IF/&
... _ ; .• - - .-.. , . --. :•- - -. -_ -.

-' -.-
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The left hand column of Table 3 identifies the iters to b,ý

filled in in each line. The blanks in this column are filled in
as follows:

Line Item

(b0 3- T~~ Ka, K(LO)

0 Am-, -a (D + TAILS I)

S(-b pX (+e)'- (B.TATbIe ,)%X.(Lo

(• (b,.f- 4. ED ~, T~le I) ii,. 'L,•

(b, Y (, 9TAble k Ajj(L.)

0 Atilt + +

o (-b;. (3P ,b.Q ),T' ) XIL(L.)

@ ® bp. U (0, T@l +. Ct+-" .(,W~,

-P10 .Oj- __.e-

+0 tzl ~ l



The items 12(,) X2(L5 , ,(lt~),, K2(MX), are aerodYnM~ic COeffic. 'I

for tapered airfoils, These table* a&pear 1n this report as appendix Vj,
and are talen from ALF Teohnacal Report 4798,.

It vill be noted that these values are €gmpk3 nmbers of the

form R + JI where R and I are ordary real numbers andj .t .

Henee, in Table 3, appropriate entry blanks axo provided. that for real
nmbers R being marked R and that Jorr imagix~ry numbers (i.e., the number
I multiplied by J) marked I,

riultiplication of a complex number R +$I by a real number
N is accomplished by multiplying R by N and I by N separately.

Addition of a real number N to a oomplex nmber R +JI is
accomplished by adding R and N algebraically and adding nothing tO I.

Addition of two complex numbers Rl +J 1 and R2 0312 is
accoplished by adding respectively real and imaginary parts, the
result being (R1 + R2 ) + J (11 + 12).

"-(In fi the table it is always convenient to 'iary aleg
the columns //k m o for use later in calcuktion of coupled modes
at zero airspeed.)

Table4

This table is designed to calculate the aileron aerodynamic terms

The left-hand colmnn of Table identifies the items to be filled in
in each line. The blanks in tI IC column are filled in as tollowsa

S'-C-a ~ .. ta..l. . -. --



Line Item

(o (U •i "rTAle x )Lv

(-(c,) x 8.,TAb.e z).L,

@) i3TAhIe'2)x T

.- ,,•) x ,TA le ,) ,,.

(D-=)ie,7 @,5 )T LZ

A A,,. ®.G).®.
f @z.0 TAe a)- T..
(- (c -(L.) Y- , TAIC e )Z h P.

f(,t 0, r ?),T. Y )TPh
@(--�c x 2 @,TAW, z.) it p@ ~ ~~(-(PL.-),,z@,T,,,,,61C ,, "T6

@ eo-,,) X 1: OO.~ atI ) X,, I

(-(C-6) X I (a, TWOI r,.,a"

(CCce)•_•, TAhle, i) A Ps

The item Lo, L,,, pMj, Mg., TPh, P•rv,, ,T#. p?4.vjvPj i
are complex quantities. These are found, for various values of 2Ak , in the
tables in Appendix V1. It is necessary to calculate the proper e value
before use of these tables since the tables are prepared for vario±uB values.
(See Section A,-3.*Notat.'onw) That tabular value of e my be used hich Is
nearest to the calculated value. The saw rules of operation apply to these

./S -/4
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complex quantities as described for Table 3.

T!ble 5

Wfig Deterinant Elegents

This part of the table is designed to evaluate the wing

determinant elements 14, 11,, &h, &., from the corresponding

airforce terms. The left-hand colunn of Table 5 identifies iteas
to be filled in in each line. The blanks in this column are i-led
in as follows:.

Notation Item

_~ +.

Abhis found in line Q6JA hin line 4,Ahin lne0

and 4,in line @ of Table 3.

Aileron-Determinant Elements

This part of the table is designed to be evaluated once for
each percent of aileron static balance employed. In the design stage
cf the airplane it is well to assume a range of three or four different
percents of balance, calculating the table once for aach percent. Thus
Sfinal set of flutter results covering a wide range can be obtained andused to predict desired balance weights on the aileron. The left-hand
column of Table 5 identifies items to be filled in in each line. The
bl-an-o in this column are filled in as follows:

Notation t

Ag -- (-•UZ4I ],.,,"A +

•,, - , oooo,,(g)AM'

.Ps I 4____oto

_______________________________________Yet_
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The itemsi AbAA aaiA A Aa and are foundM Pn ilkO @ of Table 4. In
respectively in lifiemi®:.(tB), .1 0 ' ,() o Tbei.I
Toble 5, the auilziiary items Mjf Set) ,s~ ~

are entered. These are obtained as follows:

()? is calculated as 3.14159 times the value of air density
(blugh/ft3) at the altitude selected for flutter study. Usnzilly this
altitude can be taken as 75% of the service ceiling of -he aircraft.

M =a Table 1

S Table 1

I Table 1

S Table 2
I Table 2 va with % balarnc:

STable of aileron
S•'• , Table2

Table 6

This table is designed to perform the final evaluation of the
flutter stability determinant, the elements of the determinant having
been developed in Tables 1 to 5.

The value of p z square of ratio of uncoupled bending frequn-cy
to uncoupled torsion frequency is entered on an auxiliary item on this
Table.

The items of the various Jines of Table 6 are self-explanatorl
as to indicated operations to be performed.-

The product of two complex numbers is encountered for the first
time. This is performed according to the following schewoe:
(R, tj I,) x ( R&t j Ia) = (RIRZ - I, 1a) 4•j (I, RSR+ R L)

if the numbers occur in the tabular form, as in Table 6, the mul-
tipliers paired to get the real entry may be schematically illustrated

R

IIe

R2  12
RI 11i 12 'a Real Entr,

- -- - - s-----
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The multipliers paired to get the imaginary entry, likewise
may be illustrated by:

R I

R2  1 2

Imaginary Ertry-r R, 12+ R2 T.i

The items of Table 6 are grouped so that unnecessary repetition
of computation may be avoided as various cases of aileron balance
andfreque cy ratio are employed in the flutter analysis. Lines
(J.)-(6) apply to the wing only a d are therefor, independentof aileron changesl lines (D ;.o aare i ndesed ~ ieofrequency but vary with aileron static balance; lines -

must be repeated for each variation of frequency ratio or ctat c
balance. Aid in the interpretation of the items of the various
lines followst

Line

© 1sh is obtained from Table 5 (top)

Q - Xh; algebraic subtraction, item by item

SXhh x low, ; complex multiplication; the necessary
terms are fcAund in Table 5 (top)

o• - algebraic subtraction

. V x ; real multiplication
P

commplex multiplication; the necessary terms appear
in Table 5 (bottom)

self-explanatory: reel multiplication or addition

The term in first parenthemis is added algebraically
to the real entry, the second to the imaginary

entry of A ; (!!L)i3 some previouily assi~ed value.

D the R and I items here refer" o

the entries in line 19

- - , " - . . .. . . .
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@ Complex multiplication

@ , Self-explanatory - real addition and multiplication

* Square of a complex number; 2omplex multiplication of
the number by itself; (R-Jl)k (R1 -- I) +-J(?RI)

Complex multiplication plus complex addition.

Self-explanatory

Square root of a complex number; see explanation
for Toble 7

- Self-explanatory

Table 7

This table is designed to develop by successive simple steps
the square root of a complex number; this is of course also complex.
The given number (from R and I entries of line T, able 6)
is entered in columns a , respectively. The other columns

are explanned by their headi®ngs Columns (n) and (D are the
required R and I values of the square rot of the given number.

Final Plot - Bending Torsion-Aileron Flutter

The final results are produced in the form of a graph having
two curves on it. Tha higher curve is the critical one. The
two curas are plotted from the respective pairs of values in
lines U3 and® , Table 6s

The g values &re taken as the ordinatesp,. being',the
abscissas.

!!ending Torsion Flutter

In case a two-degree analysis (bending-torsion only with. rigid
aileron) is desired, Table 6 will provide the necessary elements.
In this case, line 0 to @ , inclusive, are left blank. Line

is zvpaced by 4 x (2 and line is replaced
byline (U . The computation then proceeds as before.

-__ ___ _ _ • -'- --. . .. - .. . - *_.: _ . •-. -" -. __ -:- "
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Coupled Modes

It is noted under the subject of vibration analysis that
uncoupled bending and torsion modes are used in the flutter
analYis. If 3/k = 0 is used as one of the values of the flutter
parameter, the tabular computation automatically provides the
coupling of the uncoupled modes. The coupled frequencies at zero
airspeed are given simply by

~~and

(ree lines @ and 0 , Table 6)

The coupled modes associated with these coupled frequencies
may be defined at any spanwise section x by the deflection of
the elastic axis hr(x) and the torsion about its Fx) in the
coupled mode. These results are obtained as follows, using values
f or ik = 0.

Write the equations:

1ý (h) + X~. XJ(C)+XoL.4p) z0

g (h) + 0= (aC)4 :0

(where X I- X1 or X2  (lines -)r Table 6)

Tb e hh , rm, etc. are in Table 5 and A is line

Table 6, for i/k a 0.

For a given value of X, eliminatep from any two of the
equations and solve for X in terms of h. Doing the same with
any other pair of equations will merely provide a check on the
same result. Say Ot - C, b is the result.

The nodal pattern of the coupled mode of the wing may now be
expressed in terms oZ the bendiLnz deflection of the elastic axis,
which will have the deflection pattern f(x) spanwise, plus a
rotation about this axis of an s=ount. C1 F (x).



Tables i-7 are presented here in two forms, a set of blank
tables and a set containing the parameters and actual complete
calculation for a single configuration involved in flutter
study on agiven aiplane. A g-v plot based on the results
of lines Q ara (n 4 of Table 6 for this airplane is presented
as Pigure 6.
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Y. DLP2MAGE VIBRATIOV ANDnFufR

The mterial developed and discussed in Sections A to 3 of this
Report applies to the aircraft wing; however, with some changes in
interpretation much of it can be applied to the empennage of the air-
plane. Hence, the purpose of this Section is to show briefly the means
of applying the foregoing wing material to the tail surfaces. In this
Section, completely detailed methods need therefore not be presented;
instead, only those points unique to the empennage will be discussed and
fitted into the previously developed analytical schemes. It is suggested
that, in following this Report, analyses for the empennage be performed
subsequent to wing analyses.

The varlous degrees of freedom and combinations thereof which can
occur in the consideration of tail flutter are quite high in number.
In this Section only three cases will be oonsidered since it is felt
that the cases chosen represent a minimum coverage of the problem for
moet airplanes. Unusual cases will always require special analyses, but
these are not considered here.

Case 1. Fin Bending (h), fuselage side bending ( CC ), rudder

rotation(/3)

In this case the fin-rudder is the aerodynamic surface involved
in the flutter study. When the fin bends, its deflection corresponds
to wing bending, the h degree of freedom; fuselage side bending changes
the angle of attack of the fin; this corresponds to wing torsion, the 0
degree of freedom; the rudder plays the role of aileron, the 13 degree
of freedom.

The (uncoupled) fin bending frequency and mode shape should first
be determined by the same method as used to obtain the wing bending

frequency. However, in this case the fin can be assumed cantilever from
a rigid base, in which case no ho terms need be carried (h0 = 0).

The(uncoupled) fuselage side bending frequency and mode (including
the entire empennage as rigid) should next be determined by previous
methods wherein the aft fuselage is first divided into (six) strips,
etc. In +! 4-s the aft f,.e_-age can be conveniently ass.mved can-
tilever from the trailing edge of the wing; fuselage forward of this
arbitrary line can be neglected. Although this mode is a bending mode,
it gives use to a torsion degree of freedom. Hence, all parameters
"iust be interpreted in a torsional terms rather than translational.
This can be done by plottngth fuselage side bending mode as illustrated
schematically in Figure 7.



FumeItns in tesecs there

D w a tngent, athe center of each fuselage strip., to themodal curve. Tfere this tangent intersects the reference position
defines a rotation point for that strip. The chord lin of the

fin -will, generally," lie along one such tangent and interseCt the
reference line at a point. This particular rotation point is the
elastic axis of the aerodynamic surface. The moment of inertia
V t ofh fuselage-empennage is

Gher r~. TIsF

where Ig.s is the moment of inertia of fuselage strip S about
its particular rotation point in the fuselage bending mode;
FC( cl) for the aftmost (tail surface) fuselage strip; otherwise
F(< 1) is the ratio of that angular deflection pertaining to
le strip s to that of the aftmost strip. The above calculation
is based on the modal shape of the fuselage side bending mode
(Figure 7).

The general geometric properties of the system are determined by
the scheme of Figure 2, the midehord of the fin-rudder system being
interpreted the same as that of wing-aileron, the above-defined v
rotation point being the elastic axis, etc. It will be noted that
under these conditions the parameter a is almost invariably
negative.

In the general flutter theory, the integrals of the %wing
Terms" are replaced by analogous integrals based on the fin, where
f(x) is the fin bending mode and F (x) a 1. The reference seal-
chord br is chosen as before. Similarly, the "Aileron Term*
are based on the rudder. Otherwise, everything proceeds analogousyto the wing analysis and Tables 1 to 7 are applicable. In theevent that the fin natural frequency is very high (say three times

the fuselage side bending frequency) the fin my be considered rigid

--. . . . , -- . ... n a a n - .-- . • - . .. ... -- 'T " -- =-- 40..
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(fa(.Of)with considerable resulting sim~plification. In this case the
"system bes a two-degree-of-freedon one wherein the degrees of
freedom are aL and.

Case 2. Stabilizer bending (h), fuselage vertical 'vending (at),
elevator iotation (j).

In this case there Is complete walogy with Case 1, wherein the
whole stabilizer (both sides) plays tVe role of the fii, the elevators
(both sides) play the role of the rudder, and fuselage vertical bending
is strictly analogous to fuselage aide bending.

Case 3. Fuselage torsion (h), fuselage side bending ( a0), rudder
rotation (0 ).

For this calculation the natural frequency of the fuselage in
uncoupled torsion is requited. This can be calculated at in the case
of wing torsion assuming again the fuselage cantilevered from the
trailing edge of the wing.

In this case the fin-ruddei is the aerodynamic surface involved
in flutter. The aerodynamic effect of the stabilizer-elevator (which
can be considered a single rigid unit) can also be included. The fin
can now be considered rigid. The"bending" (h) mode f(x) of both fin
and stabilizer-elevator is a straight line rotated about the fuselege
torsional rotation point. The aerody c effect of the (rigid)
stabilizer-elevator is included by adding to Ahh for the fin, a te'me.
Ahh based on the stabilizer-elevator and taking the sum of the two
as the final Ahh for analysis. The mechanical effect ofthe "rigid"
stabilizer-elevator is included by adding to V e m(x) dx a

jiai r term based on the enti horizontal tail kboth sides); and to =U
(x) F(x) dx a tern Sf (x) dx for the entire stabilizer.

The mode f(x) (h deflection re to fuselage torsion) should be
normalized on either fin or stabilizer (whichever has the greater value
at its outboard strip). All other terms are based on the fuselage
and fin rudder and are d4veloped as described analogously for
Cases 1 and 2.

.1r/ 1.
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Part A - Example

Consider a typical system of frequency equations of an elastic
system vibrating sinusoidally with circular frequency W "

0.-~bj (0 , , •+ ++ hif (P, •3 Q
4(PI~ ?blP b2Q~ L 4 J

ro+ b ,,. b ,,,,, (p,, .,- 63 o, + b,, +3 4

6~44I, C+ b4L (P~t +b6 CPS +b-4 (P4J

Where O represent generalized displacements and b 1, b , -etc.,
are numerical constants which are functions of the inegia and
elasticity of the system. Their determination is much simpler when
actual numbers are used rather than symbols. T,.is will be demonstrated
in the worked example which will follow.

At this point thb matrix notation is introduced. In this notation,
Equation la becomes

+o. b~~~,, , . , t,.,•, •
($1 6, 6.41L 6, ,

mbit 621 6, ,3 ,+

CP 3 3 40

h 41j LQ4
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where the "matrix multiplication" indicated on the right between the
"square matrix" and the "column matrix" can be readily understood by
referring to the conventional form of Equation la . This type of
multiplication is standard for a matrix of n rows and a columnu
times another of (necessarily) m -ows and p columns, the result
being a matrix of n rows and p columns. (Above, the result will
be a one-column matrix.)

Since they occur frequent-y hereafter, examples of matrix
multiplication are given here to clarify their meaning. Let V be
an arbitrary four-by-four matrix such as

6 2 1 -3

5 0 7 5

2 8 6 2

3 9 -1

Postmultiplication of 9 by an arbitrary column such as

5

itt performed as followsa

6 2 1 -35 
13

5 0o? 5

2 8 6 2 2 Jh8j

3 9 4- 11 L44

where

3 5 = 6 z-2x3+Ix2 .. 3"xl

44= 5x iOx3+ 7x2 + 5xl, etc.

SIJl(
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Preaultiplication of N by an arbitrary raw

R L3278]

is performed as follows:

[32781 6 2 1 -1
5 0 7 L

2 8 6 2
3 9-1 1

where 66-- 3 x6+2x 5+7x2,+-8x3
.134 = 3 x 2+2 x 0+7 x 84-8 x 9, eto.

Since both CJ and the are uhknam, solution, will give
only relative rotationsC&. Thus there will result, up to a constant
uu.tiplier, a solution:

(P,
(Pa

Which may -cn=!iently be "normalizedO by dividing a3l values
b (say) ,thus getting 1 athe G4 entry and values
relative to this elsewhere. The term normaliso is a conv•nience adopted
from mathematics to stggest the redncaion of all values to a ccomn bastis
for •c•pariaon.

Essence of the iteration techni, whichwill be used is to assm
ouch a net of normalized So vi s and perform the lndica-ýed postoultiplication,
on tberight of equation (lb.). No•-•].aing the result givos a M set
of Q iuwme. aese are used in the sam indicated multiplication, the
result' norraliz6d, and the prscas cmtinued untLl two adjucewt cvoles give
insngPificaut vari&tion in the rem~uts.

2 r/&A
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The process is then said to converge. That this prccass does converge
(except in unuiual casea) ia proved in various standard texts on
matrices, etc. Iteration is an obvic_,s name for this repeating series
of operat±ions.

The final value of used as a &.visor in normtlizing Is a

close approximati i to e for the fundamental mode. There techniques

are illustrated in the follering example.

Assume given the matrir equation:

"1.2 1.9 2.? 2.6]

L 1.2 1.9 2.7 3.6J fqJ

The iteration process by postmultiplicatirm on this is given in

Table 1.

TABLE I

Calculation of Relative Vibration Amplitudes in First M!ode

Assumed
Mode Col.2 Col. Col.4 Col.5 Col.6 Col.7 col.8 Col.9 Col.l0

.4 2.60 .3523 24186 .2901 2.213 .2829 2.100 .2819 2.09793

.6 4.58 .6206 4.672 - .6200 4.601 .6161 4.582 .6151 4.57883.

.8 6.38 .845 6.536 .8673 6.468 .8661 6.449 .8658 6.44463
1.0 7.88 1.0000 7.536 1.0000 7.468 1.0000 7.449 1.0000 7.44463

Col..1 Col.12 Col.1.3 iodq

.281804 2.097683 .281792 .2818

.615651 4.578408 .615040 .6150

.865674 6.444082 .865665 .8657
1.000000 7.444082 1.OOOOOC 1.0000

To illustrate the meaning of this Table, the matrix multiplication

used to get Column 2 from Column 1 is as follows:

Il 2 .9 .7 *6 1 4 [2.60D
1.2 1.91.721.6 .61 4.581

IF .2 1.9 2.7 2.6' . 663811.2 "1.9 2.7 3.61 J
Tg 7t38

The process involved in going from the se,ýcond to the third column
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is as follcrw, correct to four decimal placesl 2.60/ 7.3 - .3523;

58/7.38 - 6206; 6.38/7.38 = .8645; 7.38/738 - I

The entire process is repeated, starting with the third column for
postmultiplication, instead of the first, to get successive col•t310
Each odd-numbered column is a closer approximation to the actual values

of which define the mode. The frequency equation is
5

from which&J, = 115.9 radians/vec., and the frequency is flr • - 1106.8
cycles/min.

The iteration could have been carried out by premultiplication of
the square matrix of Equation (Ib) by a row matrix ;Iso, but this dos
not yield the mode; only the frequency is given in this case.

By the nature of the iteration process as set up in the form of
Table Z there is assurance that this is the fundamental frequency required,
and t' final column gives the relative displacement values § for the
fundamantal mode.

The method for obtaining higher modes and frequencies is next
discussed. No attempt is made here to give the underlying theory, but the
technique ti'. be described in sufficient detail to erable the reader to
follow each step.

To obtain the second mode from Equation (lb) assume B, is the squat
matrix on the right side of this equation.
Let

[rI, r 2 , r3 , r4)

be the row matrix obtained by iteration on B,, by row pramuLtiplication
(See Part B for an important modification ofrthis method), Assume tUe
is normalized by dividing the results through by any'onw of the r's,
say ri. Then the row has a lin -he ith place andhas the form

. r.
r. r. r. j

.2 ýr/4
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Let I be the midentiby matrix" with unity of the main diagonal and szros
elsew here t

0 0 o 0
0 0

r, r4  r 1

For th e are matrix w; thus, ifnri - iri;

1 0 0 0
0 1 0 0

*0 0 1 0j : E

r, r . I .

r 4 r, r4

Form the square matrix B2 _- B (I - E1) by mltiplication. The matrix

B2 will now be used exact•y as Bl~was used, tn the iteration process, and
the result (by postaultiplication) will converge on the second mode and

frequency w., It may be noted that iteration by premultiplication may
be used if only the frequency is desired, thus yielding no information about-
the •-%de, however, The process may be repeated to yield the third mode and
frequency from a matrix B3 similarly obtained from B2 , etc.

This proces" is used in the following to obtain the second and fourth
modes and frequencies and the remaining frequency without its mode, in the
present example. Bl is the square matrix previously encountered:

r1,2 .9 .7 .67
B11.2 1.9 1.7 1.6

1.2 1.9 2.7 2.6 xb-5
1,2 1.9 2.7 3.6 J1

Iteration by premultiplication on BI. is performed by first selecting

any arbitrar7 row of numbers and applying the procedure described earlier for
prezultiplication and iteration. For example,

selecting the arbitrary row -5 .7 .9 1.07 the first premultiplica-
tion is as follows:
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C.5 .7 .9 1.0: *.2 .9 97 ,

11.2 1.9 2.7 2.6
L1.2 1.9 2.7 3-.]

Normalising the result yields a new row

1- - 6 -75 .3 J [.506 .733 .907 1.0(X))

Repeating the premultiplication and normalizing until values of the
results converge so that altsrnate columns, show negligible differences,
the following row mabrix results:

[3.78304 5.48164, 6.74913 7.443883

Note that the natural frequency for the first mode is given by!the
relation 105/44 7.44388 (compare with previous s6lution for

W., ). The figures in the row, however, tell nothing directly
about the first mode. Normalizing yields the row matrix

C50821 .73640 .90801 1-ooooo3
Thus I-El is

S0 1 0 I0E
0 0 1 0

-. 50o82 -. 7A -. 9080 0

and B= (B -E1 ) is found by multiplying, row by colum, giving the

-3-508 .45816 .155290

.12132 -i.7o176 ..432o - 2
-. 62952 -.m75104 -. 056• 0O

Iteration by colum: post=ultiplioeaion on B2 yielder in the
final two colunma

-1.33224 -LIOD0O
- .96577 - .80249

.20338 .1a 99
1.20347 1.00000

'This gives IL) 101/ 1A-2037 -83093, 3288. 26 radians
per mecond, a6d f2  s 2753 cycles per minute.

The final column gives the second mode.

Iteration by row pievltiplication on B2 yields the fLZ!a row
2/,/a
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[1 .93769 .4781 0]

The norýalizing this time is done by dividing each tia by the t
term. Thus E2  is formed by placing the norialized row in the t
row, and I E2 becomes

0 -. 93760 -. 4+781 0 1 E
0 0 1 2

Than B3 B, (X-B 2 )[0 -.38107 -.24563 07
o .35902 .07395 0 x lo'- S3
0 .09911 .39353 0
o -v1 6080 .-.2 9 0

Iteration by column postmultiplication would yield the third mode
which, though not calculated hebe, is listed by figures in Table II.

Characteristic Modes for Foui-Displaoement System

.281 -law06 -1.1110 -. 5130

.6150 -. 8024 .7070 1.0000
e85a .86 .1687 190000 -. 94a

- 1.0000 1.0000 -. 86W ..Z47

It only the frequency is deoired, iteration by row premultiplication
on B3  gives the final rows

Vo .43949 .46364 3
rO .94791 1 03

Here the norm&a3zing is done by dividing each time by, the • term
ao that 1toV4•5." .46364, COS - 464.42 and , f 4435 cycles
per minute. Also I - Z3. is formed after placing the normalised row
in the tLvd row:

1 0 0 0
0 1 ° 00~~ ~ -.4-10 0-3

0 0 0,- 1
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The fil mtrix, , B B 3  (1 - E3 ), contains onl•y one n.m-zero colim

-1823 0 0
S.28892 o0 x 1o-5 = B

-. 27392 0O 0
0.-1115 0

Iteration on this is unmnecessary, the imsdAte result being ( :

10 51 .28892 3 461l6.5, C4, : 588.32, and fo = l618 cycles

per minute. This follows bacause the matrix B would occur in an

equation of the form of Equation (ib). In the non-matrix form (Equation
la), tim second equation would be

= xzo-5(p= .28892 -5 ' K1

To find the mod., it may be noted that -.314823/.28892 = -. 5130;

= 1.0000; (P3 = -.27392,.28892 -..94$81; ( ..pnS/.28892
=.3 847

This mode is included in Table II.

0
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S- Discussion of Non-Dominant Latent Roots of a Lambda
Uatrix for Elastic System

It has been demonstrated that when the d root of a "lambda
matrix* (i.e. typical frequency matrix as discussed in Part A) has been
found, the remaining roots can be obtained successively in order of the
moduli (absolute values), by the construction of auxiliary matrices
which contain all the latent roots except those already obtained. If

is the dominant root (first root found) and K1 is the matrix row

obtained by iterative premultiplication of the matrix [U] and i

be any non-zero element (nimber) in K1, then the matrix E (See Part A)
can-be defined as that square matrix which has KI ,1 for its rth

row and its remaining n-1 rows null. The matrix [VI which contains all
the latent roots except the dominant root is then

In general, then, in order to obtain the higher roots by this
method, it is necessary to obtain a row K by iterative premultiplication.
However, for the special case of a conservative system oscillating in
simple harmonic motion, it czn be shown that if the fundamental mode is )
known, the matrix K can be obtained without resorting to iterative
premultiplicatioh.

An important property of any lambda matrix ist if -R be the

modal column for the root Xp and Ks be the matrix row obtained by.

iterative premultiplication (modal row) for anv other root then

[F-8] [7J 0 (r.4,Fs)

This is known as the eneralised ortbotonality condition for lambda
matrices..

For the case of the lambda matrix of a conservative system the
generalized orthogonality condition reduces to a simple form. As an
example of such a system, consider the case of bending of a
cantilevered vibrating elastic structure. For this case it can easily

I



be shown (as consequence of Maxwell's Reciprocal Theorem) that:

where

S= generalizet- .ass Oacting at station i
maximum displacement at station i when structure vibrates

4ri in rth normal mode
45 = maximum displacement at station i when structure vibrates4si in sth normal mode

Equation 3 is usually referred to as the orthogonality condition

for normal modes of the structure. In matrix notation D becomes:

Now since for any lambda matrix [ýIrJ[ 03 , tiie. [&*f 6

r=lr• •$ (up to a constant factor) or Qm -tl) w [K3
(up to a constant factor). Now if any non-zero element in L rTA

is equal to the same element in DOr then each element in Em lQ

is equal to the corresponding element of [E ] i~e. if

[a 1 a2 --- an] * [b,* b2 ---- bn") (up to a constant factor)

and if an - bn, then a,=bl, a2 = b2 ,-eto.

Thus,JC the matrix LK] is normalized by dividing through by any of

its non-zero elements and the matrix [a -47 is also normalized

using the element in the same position as for IQ then the two are equal.

Thus is furnished a means of calculating the result of iterative
premultiplication for elastic systems without iterative premultiplicati6n.

.,.1 tI'l
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ex_ - Computation of Hi"her Vibration ?4odes of A Conventional
Airnlane 17iaz

The orthogonality condition for the normal modes of an elastic
structure (See Parts A and B) can 'easily be applied to deterrTning
the higher modes and frequencies of an airp!laýe wing of conventional

configuration. The application extends equally well to the determination
of both coupled and uncoupled higher modes. If the wing be considered
a Ofrae-freev system the symmetric and unsymmetric higher co led and
uncoupled modes can be obtained by setting up the matrix tEJ
(Equation 1), by a simple algebraic operation involving the orthogonality
condition (for the specific case in question) and the unknown modal
column. In the following sections the elements of the matrix CEE are
dt ;ermined explicitly for each case.

Syrmetric Bendint of a Free-Free Wine

Equilibrium
Position

If thbr -Aisplacement from the equilibrium position at station i is
given %iX• for the fundamental mode, eu if yi is the displacement
at i in the second mode, then orthogorality condition is

i xi yii 0 or moxoYo + mlx:yl÷+ +..mnXnYn - 0

When the system is oscillating in the second mode the balance condition I

W K ±-j-o -or *o0y+ Ill ..4 ... + nYn 0
0

Now YO can be eliminated between ( and C by maltiplying equation

* by zo and subtracting the resulting equation from ) ; then

2 is7(



m (x1  -xo) Y1 + 2 (X2-xo)...+rn (xn- 0)=0

©
Let the last ptatioa, be used for normalizing; then if

a( i ml• (XI "Xo) dn =_ !4_.(x2 - 5) Z am ; n=
- (xn - xO M) 2 -C *- xo)

the matrix E becomes

0 0 0 .. 0
0 0 0 .o. 0

ahl an2  an 1
and [V2S [CU [ I - E] is the basic matrix to.be iterated by post-

multiplication to determine the succeeding modo..

Unsmetric bengdri

The or ogonality condition is the sam as that for symmetric bending,
i.e., . ml" xl yj -. o; however, in the unsymmetric cae
the deflection at station zero must always be zero; therefore, following

with xos 0 we can immediately write for this case

( anl ml x ; an2 m2 x2 ; a3 - nn= J;
% n M n Nnlf

and CE) is of the saw forma a

Torsion

Since the fuselage pitching moment of inertia is usua3ly very large
compared to wing pitching moments of inertia the uncoupled torsion modes
are mually considered to be cantilevered modes. For cantilevered torsion
the orthogonality condition is

S= 0

Where 3 is the mass moment of inertia about the elastic axis at station i;
is the maximum torsional displacement about the elastic axis at
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station i in the fundamental mode, and is the corresponding dis-
placerent at i in the second normal mode.

in(Kn In Q•h

Coupled Moe. (See Appendix ) M

The orthogonality condition for caapled modes i*

[n i i+ I. c L + Sj (xi ei + yj0

where. xi is maxd•mum bending deflection of elastic axis at station i
in normal mode (a)

ac is maxim=w torsional deflection about elastic axis at
station i in normal mode (a)

Yi is maxidmi bending deflection of elastic axis at station i
in normal mode (b)

Gi is maximn m torsional deflection aeout elastic axis at station i
in norwal mode (b)

Si is sta&•ic mass moment about elastic axis

Then

( xo*So ) Yo + (M xl + SIC) yl * "'+ (U xn 4 no ) Yn +

S(IoCL + so-xo) * o + (In,, + snxn ) z.- 0

is equivalent to

Balnce Conditions n *trje coupled modes

F: 0

4 Mi'O 0 :F4V L~

where Fi is vertical force at i and 11 is Worsional moment at i

Hence

mk Yo A '1Ya+l "'z+Yn+ so+"'÷* @- , 0

soyo + Sl *A " 8•nY + + o a+ Inf = 0

multipl © by xn and . by 0, and add results; then

)

____________________________________________
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S(m x +o soo yo- YO+(ml X. + slc,) yl+.. (m-nxO + sCQ Yn
(So x0 4" Io+ )O ÷.--.+ (sn Xo+ In Of) 9 Ph= 0

By subtracting 9j from ý3) v. and G9,are eliminated. The desired
result is

Uml (XI -Xo)4 s1 (04 - O) ] y1 + [M2 (X2 - Xo) + 82 WC -c4)j y
-" +4 (x7n X)+ On (Yn +[a, (xl" xo) 4 I1 (- O] 91

4- 0s. I % X o1 ) + In (Rg Q e ~ ~ o -' 10 iJ !Wv

If the coefficients of yj #.- yn and 19, ... Gare selected and
normalized on the nth (last) element, the results are

ml (xn -xo-) + =n (a - Oa)) _______- __ + __ __ -

ann 1: an - 51(xi '÷ =l +i- )+Il (,-ao(),

X (X. - 7)+ + n (Cn- 4)
an an (xn - ZO) 4" In (O•n-OCO).-.. ; a~,• , :. ...

mn (xU - O) + sn (GL".

The matrix E in this case is of the form

0 0 ... 0 0 .... 0

0 0... 0. 0... 0

0 0 0

0 0 0 0 0

Unsyemmetric Cowled Modell,

Since for unsymmetric modes C xo and yo are always zero,
the elements an, ... sn ,2n can te expressed immediately as

'Ali 1 h- + -$ an 2 x X2 + 5 2C ;at " a= 1;

Mn 3(n + I an .L nnnz•
4 n+l 3 ý.1..' _j an.: 2n n
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Equilibrium Pw~iAion

ZOLETRIC MODES

Iet :l' x 2 ., x.~ tn~ he total bending deflections, from the
equilhibium position, of the elastic axis, at stations 1, 2, *too n
!at xc0 be the displacoment af the centerline (station zero). Then
the displacement of the elastic axids e~t station i relative to the
centerline is xj - xo.

If a51 , , %n "0 the bending influence coeffidients,
then the deflection re latrv-e to the oenterline., at any station i.,
due to foroas F1, 2F 2  .... Fn acting at stations 1, 2, 00*0 n,
respeatively., can be written as: 71- "0 2 ai 1  Yl~ * 2 F2+..

o xi- X o a ll F 1, + a 12 
F

u

~ F~an2 F2+*oooee+ an ?h

A. so b o~t equatiocs similar to 1 can ba -''Itten for the torsional
(angtalr) deflectiLons

b 144 b 2 M,, ....... + b~ Mn

L 21II4b* M ~

A I I/ 40(, QLOMl

M2+z0V
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where

vCj z angular displacement of wing at station i , about the elastic
axis

bii z torsional inflience coefficient
z torsional moment acting at station i

Equations Q and r2) jivz the deflections under any load. Now
if the system is oscilliting in simple harmonic motion about the
equilibrium pnseition, with frequ%ncy C) and if the maximum die-
placement of an element of mass dm -is hi, then the inertia force
due to this element of mass is:

AF & h dm+ rac. dii

din

pI

The' inertia moment about the elastic axis is:

dr cW :) r, hi dm zC r - 2ri OL din) Q
Then the total iuertia force and moment at station i , is obtained Dy
integrating chordwise.

f~* da ij ri dri]~ Oix si Ocij®

~iireC.)~Lzi ridM + .Fr2 dM3: O1si Xi 14 C-i4 ~J®
where

Mi total mass at station i

S, static moment about e. a., at station i

I• mass moment of inertia about e.a., at station i

£1FI4,
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It should be noted at this point that the analysis which involves
the inertia of the wing alone is strictly epeaking applicable to
vibration in a vac n. In order to determine the coupled frequencies
in air, it is necessary to consider the "inertia" force of the air
oscillating with the structure.

From flutter theory (See Appendix IV) it ca!! be shown that the
inertia force and moment atout the elastic awcis, for an oacillating
#irfofl sectior per unit length of sp~n, is:

dF, 2 ; :

4-r a

"" ;,A re

Ci a total chord length at station i

Ai - distance between e.a. and midchord at station i ( + for e.*s
aft of -idchord)

f diensitj of air
-fa haruonic notion:

"substituting 2ni 2

d ~ WL ci" ¢ "4 ' 1 2 [X
4~3

Then the total force and woment on an element of length A !4. along
the span is : (inertia of air only) (.

"2 4 r -AZ0

where 0 1 i 2i arAd(Zare the average values in the interval nA

The total inertia force and moment (structure -" air) acT-ing at- j



station ± is:

F-~ ~ x + gi O S-pL y4J~ 4

4.-?~YL,44 ), 14

dmS + fxiY44 + ~I+ +j~y +

Substituting @ and @~ in equations ()and @ equations @)
which are 2 h homogeneous lin.-tr si.zltaneos ecqmtions, are obtained.

,,,-,,, •'•,.,,, .,. •,.,, &.., .... 1,, 1,,,,,+ S,,,.,~+.• , ,,, .. • ,.,,..

C~l -go a Cd{Sabulx, +4-baX + Sh b1,,X, +~b1 a l if I,(+Ibj.

Now for symnetrie vibrations each half of the wing ist be in
equilibribm

IF =o

That Is: (since..) )- 0)i o , ;7,1 ÷1 ..... +,, g, ixo~ + +, { i÷ 0.. . • , ,

7*~amd at* aea- be elijuiAted frau (103 br viwing @ and

this is ug•mru accompliahed by ultlip2ying the first equation in ©
,2' T/•
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bY r~ thiesecond by ý2etc. To the nth by Usai (a+ 1)by

~,(n 1- 2) by Tý etc., adding the 2n equatto,'e the following is

obtained: (j)

1 l ~iý2 +~ ***+L L+ 31(1 + 32 CX2, *...~h -7xtraqii.~

[A, ,,+ A2 x2 ... +A x Bi,+ B, +.. -O.

Where ½i is coefficient of Xi

Bi is coefficient of o( L tJ e

Now from

(;0o )t 0 .6 *L " k'X,÷ k X + +. -•i -. + gr An

Therefore, the left side of becomes

X00

and if mass of ofa•r-.--. ( + ir moving with it)
static moment about e.a. of I of airplane ( air
moving with it)

ThenE , + - fi+x - S, ...

Anothar expression in xo and a•o can be obtained by multiplying

equation 1 of@~ by 31,asend by 3 2 ,nth by ., (n +1) by

Adding these equations: n

111+ 92I12 + Z6* XOj~ 4 7c2

I~ Ci1 + C2 7I, t..+ CI& D..I@(,+*#+ %6L.]D

where

Gi is k' 'tfficient of z

Di is coefficlent of C



- oX.o- ,o lx, +! 2 X4... 3 + x, + 7!l(1,+72c(z . no.,

Therefore, left side of @) becomea

and if T pitching mse@ amoet of inertia of j of aiP.)ne about #,a,

(plus aerot€dc effects)

then

0 - a:ce 0Ec'L.x, +C c, +x .. + C,,x,,+ D,,, + D, aC,+ .. .Do,, (
from @and @ wo can solve for oa~ad of* in terms of xis x2

xnCCS,,, at... and CJ.). Th- n zo and CIwiUlbe of the fore:

)o- & LE',x, .IE.x,&+... E,,x,, +G,(,+e.... + Go,-cj
0(0 'O'[CHSX, + HM X. + Jl*'**+* I+h,,÷l 0

Substituting in () ftr zo and 0( the resulting equatious are of the
form:

xl. [n, W# +o 1X) 4-. -,, fne+ •fll, + . .. ., fino,

x

n AOE9,.1y , + 912 x&t- ix,,+ kn a, + -. on

,,,-L ., I + 9U2....... -t ,,+ +

•/•/)
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The above set of 2D linear homogeneous simultaneous equations in

2a +1 unknowns can best be solved by an iteration process. The mthod

generally used is identical wIth the one used in obtaining ti- ncoupled
modes and frequencies by matrix iteration.

Anti-Syinetric Modes

For the case of anti-symetric notion the wing elastic axis at the
centerline does not deflect vertically. However, the fuselage rotates
through some angle e and the tangent to the elastic axis at thb,
centerline rotates through the same angle.

If yj is the distance from t to station i , then the deflection

of the elastic axis, from the neutral position, Xi, with respect to the
tangent line is zi - yik . The deflectio can then be expressed as

a f2unction of the influence coefficients and forces acting on the system.

XC -yQ Qii0F, + * j..... + qjI Ff
For anti-symmetric torsion the angular deflection at the is sero.
The torsional deflections can then be expressed as:

(X bji~tmi + bit atl .. biftlMh

The necessary balance condition for • of the total system is that the
rolling momenta for each half be sero. The balance condition then is:

IoG + F11 Noy,+ mi X, Y+...... I h. Y. + tc ShYI,, . . 1)
where 10 is the rolling moment of inertia of • fuselage and taW
surfaces and effect of air movirg with-the structure. Equation 24 is
used to eliminate G from equation (D) The aralysis for the an'M-syietrio
modes from this point on ii similar to the case for the systric modes.
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Orthogonalit Condition-Coupled Modes

Let
til a bending deflection from equil )riua position in the ith

coupled mode, at station io (Second subscript denotes mode)

. coupled deflection at station i, in Jth mode

-, =torsional deflection in ith and jth modes at station i

Then equation 13 for i 1h mode can be written

X.(x,, -Xo0 ) (4XI + g, ,I ,-- . + (mi %,j) .+ h C,,N)a

XI'khj:XLF= (. cs, + ,OIL')4,, . -(ihx , +Sgo1h,)&,,.

(( .(., x,4. ) ..... + (x + i h h)bah

a,,-.) c (9, 8x4Ii bh + f.+(&hUf Xhi + ifta.L)A )711
Similarly for the j mode

X~i(= .-X.). ( X114- S s•,1 .. (k.,)(G(, .. o( ,,

> (A-x64) :(i 1;. 1 1 ' )4. +6;. x~i- shof")amh

.~~oc~ (S .++....... gl + Ii 1 fjLr

in eguatioun (matiply first equation by ( .+



multiply second by (WiZX~j+ S~di etc. to n th equ~tion by

6;" xj + Multiply equation n o 1 -I i I.c et)

to equation 2n by (§m 4-Ihoe..)

L•t the new set of equations be dernoted as equations

In equations ® multiply firstby0 ,Xi611i) j t by

(e'+xI,,,,L, ,, (+,,+,) bY ( x, + it ,,,•) + 6y
(S . ~Let, these equations be denot,d equations

Add equations ©and obtain @ ~

Add equations ()and obtain @ ~

ThenZ© -y ields zero on the right uide of the

equation.

".mu C O -- IX• toi q4..Jc~-Ligx

r" by xi n- X Ai oi+cen o xl.- +
ItOu (X-o.Jm tLaL +Z SL-L *Xi LASdO xij

or -~'~4~~4Cj

Xt + a, o C (j + 0q

+ SIAUJ - G(U~iGLUjt* ixalZC
No-. by @ and 9~ the coefficient of xsitecoi P *~ andc.*4

are each zero in equation @

(Ai -L) X SO SLXI 04i@ O
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• ®Now sic eby hypothesis Wi L then

RI( Lh X~ U~ X~ S Xa L + S4 Xi3 OL! + :LCKOC~o'PO)

This relationship (Equation -® ) is referred to as the

orthogonality condition for coupled modes.

Higher Modes and Frequencies

Higier modes and frequencies beyond the fundamental can be
obtained by setting up an auxliary matrix, in a mamer simlzar to that
used for the uncoupled modes.

Express ®- a_

bps ( asii re+s ana j . O

Multiply 33by X and nZ byQ and add the

resulting equatioaq. lbant ' z -+ S,( 0

110+ T, ) L

+ (a 0n))z+ + O ojLo

A/ S*1)
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Yow can be written in the Por,

(Mo+ Sd4~) XGL f (?,-+~:)I "eo- 6 h- +(A)X

+ .Xý+ 1aj4 +( h+ 1116,h)dhi ~

Then subtracting @ from X.L and o(. aL

eliminated.

Then:

•.- [h(hi-X.-) L(d, I.A •. -cz):.(-,.,,

or

A,X, + ++. A~x,, + Otte + RX . ..... F's o

Now if the nth element is used for normalizing then:

As A3.19

and [•1 is of the form:

o o 0 o .. . ... 0 0(

o 0 0 0 ......... 0

ah, •l. I **(') .... •€,,

o c . . - -. . .

0 0 0 .... 0

2. i~0
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7HREE DEGREE - THREE.DI1AN5IONAL
FLUTM~R THlEMR



lonslder the motion of an airfoil sectic as thi deflection
downr•ad of the elastic azis, a rotation about the elastic axis,
and a rotation ef the ailercu about the aileron hinge line.

S~ a;/se~on n/ge

If a(x) mass per unit asan of wing-aileron, at station x (slugs)
U.(x) mass moment of inettia per mi.. span, at stotih x,, about

the elastic axis, of wing-aileron (Olug-fti)
SQ(x) static masi moment per unit span at x of wing

aileron about '1he elastic axis (slug-ft)
Ip(x) aileron mass maent of inertia per unit spen, at X:

about 'the ailaron binge limae (slug-ft 2 )
SSg(z) aileron st-Pic sass mocant per unit length, at x

ahlut* the aileron hinp line (slug-ft)
b .-jAicbord length, at station X, (ft)

(3-a) b distance between the elastic axi and the aileron bings
in feet.

- - -If the ringIs movingvwith velocities fi(x" A kz
the kinetic energy per mnit length of spun isa

•T tf(A.(4• *IS * z• i '~'p"
W I+ LC)VCL2) C X,, (g)f~t

lquattm 1 for the kinetic bnesýy is the expression for a two
dimensional xysa,

In order to simplify the anaysis a basic assumption is made at
this point. Namely, that the aerodynamic foroes and fomats do not
change the shapes of the normal modes of vibration of the wiNg.
Thus whils the flutter freqeny may Vary, the modal aape la asmumd.
to remain unchanged from the ground vi-vation normal od8es.
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The motim of the wing oan then be oonwdered as a superposi4aon of
the normal modes.

f f W denotes the uncouipled bonding def]potion modev f (CO)=
whebe e is the som-spsz of the wing.

F (z) denotes the uncoupled torsion deflection mod, F (j)u 1

(p (z) denotes the aileron d~eflection mode f(J 1

Figure 2

Tbar hix, can bereplacedby hffx
a tan abereplaoed byate x
p ( can be rep.'.ood y/V

Now the aileron its usually very stiff struoturaly compared with the
control system. If the deflection is therefore oonsudered to be control
system deflection only (a reasonable assumption), the deflectionO(z)
along the span can be considered constant, s.. () : 1a--

The total konetio oerpy then Los

"Fm'..
Toi f(s) f4 A a 'J ' & tavwcra E.6cJhiQ

(where reprosents integration over the semi-wing %~fk p2!asents

integration @'sr the a&iron)

where b equati•o (

M.r/
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T%- Jzc.,Y(rb4 I., ,, 6~

The above expressiors for Y Tw etc. can be considered physically as

"vieighted" mass of nech.nical terms.

Potential Energy

The potential energy stored in the system when the system is deflected,
is strain energy of bending, torsion and control system strain. The total
strain energy can be written as:

where EI (x) is bending rigidity of wing at station x.

GJ(x) is torzionai rigidity of wing at station x, (including
interaction of spars and torque boxes).
is torsional spring constant of aileron co-trol system..

Then if kh
0

the potentisa energy can then be expressed as:

U- jtKhhi' j KaC1I * KfqI
The above expression (EquationG ) f~r the potential energy

contains quantities wahich are not easily caiz, lable. In order to obtain
simple expressions for the coefficients of the potential energy, suppose
that the wing is vibrating in a vacuzn, so restrained, that at mar time,
it is free to oscillate in simple harmonic motion, in but one degree of
freedo; (i.e.)

(a) first restrain the wing so that it cannot twist, with aileronSclamped to wing.
(b) then restrain wing against bending, aileron clamped, wing

permitted to twit only,
(c) then restriun wing against bending and torsion, aileron free

to oscillate.

For condition (W) h =he~
*( 0R
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(b) 0( OL2 - (J CK

For (c) e

1r OC=O
For condition (a) Lagrange's Equation of Motion is:

or:

(+ kk) j = o
hence

Similarly for conditions (b) and (c) above the values of k o and

k /3 can be expressed in teims of the uncoupled frequencies:

~~2 1, 4
Aerodynamic Forces (Ref. AAF TR 14798)

The total aerodynamic lift per unit span is:

'-rj b7fLf A +(x) 'bltp i,'jLL;(..• J )LZ) otx (o- . jf3CxJ

The total oscillatory aerOdnamic moment about the elastic axis per
unit span is=

(XI +A) 4 ~OCC) +frMj(Ai+dL)Lh(c~e)tu + (c~e)(f +a4)Ljfj()1 (
The total oscillatory torque acting on the aileron about tYe aileron

hinge line, per unit span is:

T-i r ýb.:= Pký [,, [- (-C -, e)÷P e-a do T/,.t
+ C '*Xc'S)PfJoL((x) + E-,(c..e)C F+ gPJj3i

rhere in the Mbovs expressions the coefficients an defined in term of
Theodorson's T. F and functions (NAIU TR 49) and the aileron ter are

for the aerodynamically balanced aileron and are defined btr Kuysner's
fwcticnm (J- T. 991). These coefficients can be swnarized as:.1 /sL/



FLO I-a

f (M)hzFaG} ()(+G

43a

tm aL ('V El)ai

T1 =_ 
_ _ _ _ _ _ _ _

TC T e )T Ta(fG

-/rT 7+
T (F)>iLF C

2,S7-T 
T



IV-6

PC the vINua jwo 5) done1 (Fby) dvlon hee-~ rm ooJ

T1 IT

P19

It

The generalised force In the Ii degree of freedom Qh is determined
from the virtual work done by displacing the structure from bi to A +
(bt the air forces), all otbar degpes of freedom being hold constant
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during the displacewnto Then

Qh" •°L' fcy.
Similarly

I a f

@•- =: Fcx)

SA I =__ T (SoNC.•E T,

And for the entire wILnSg

M Fx,,,Re1

if no in equation (p @) vAn@ h(z) is repbLaed by ht(iz)$

O (i) by. OF(x) iand (z) 'b7A then the equati.,

for %, Q~t I q8 (equation c ) c be written ass

Qb:7fL[Ab,k, h+Ah,,OC,+ Ah]

QA:'7rW'"Ajhb + A.gAoc iAgt6'Ji AD#

Whet, .-
2. S7•



IVII

A fjfja L.4

Lvf(X) ~~~ EL ice

Ach f(b'x) F-()rMi(i t%) L.1

A, (b lfl1.- (iPc)(L.,. + + P hJs

Aph4*bf[Th (. tce)IJ, ph

b4ETTa)+ (C_ e)ai2,*

A;I



It is to be noted that the evaluation of *."" PS becomes more

difficult for the tapered, three dimensional wing that for the two
dimensional case. For every assumed value of I/k, g. varies along

the span. The aerodynamic coefficients mast therefore be included
"under the integral sign. Needless to say the computation of the
aerodynamic terms Ab ... AB becomes long and tedious

Now, since (F + 3G) does not vary rapidly with , it

will be assumed that F + JG is constant along the span Zor any assumed
value of 1/k. If b is the semi chord at the 3/4 span position thenr

(7 4. JG) is assumed to be a function of v -
blo k

The aerodynazio terms are functions of _y_ explicitly as well
bw

as thru F + J G. To simplify the analysis further assume that, for
the aileron'span the term v can be replaced by v , (the

3/4 span position is usually approximately at the 5O;Zaileron position.)
Therefore, the aileron aerodynamic terme can be expressed as functions
of v ende.

However, tor the four wing bending-torsion aerodynamic terms it is
"incorrect to replace v by v_ .

bcO b,.w
Examination of 1, Lot and N (on pagge 6 shows that ttese termu

are functions of v j, and ( v )2. They can be rewritten ast

|.i

+ -rV

bw~ (bo:W

LMt" +
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Lotl -jL - K LJ ,Le

Whien K h, (to be read asK, of frr~tio Lh) istecwaa

part of ½'. K2.(Lh) is the part of function 3ýwhich ig a Thnotion

Of v ;K 3 (L at i the part of function L t4 whift iv

function of (T...)2 p etc* "Sirce K1 (Lh) 1,, K1(Lv~) 5

kj (M.N g .375 andM .h= 5 the expressions for Ath, lhV j
AO~h and I a(@ finallybecoa m:

A * .fLA[dfK)L

+4k(bdj f (x)F~x 4 Lp ka (L4'i r-,,4

A A I ;OQF(.,4-AInrka(L,)/( + a fm Fx)F

Ad&e [~ + i, I Ot l (i~ E Fcx)II

+ ~KAfi~~~~~ ~4fi.L~i~

~ K *£% ~J~ofLJ

(PAW[Fevlad



lagranm's equation ia ith degree of freedom ist

1(3T) +o .Ue
lai

-herv there is one equation for each degree of freedom.

t + s,6i ' 0 +__-f l[mi s~(-

SA&÷,~.~rir~fAfhiAA~hApcs+Aw#1
BY definition at the fluttex speed the syeteo vibration in simple
hartmanic mobion with frequency

If be subatitra into equation 6 he eaUionx of motion

represent the motion of a systez,ý with zero sterictuiawdm pigsIlo
structural damping is con,.zded the equations wst be modif•i• e It hao
been found that the strun•twal dapin g is a fmotion of the
w_• itude and not- of freummy, Deaping'oan be deoribetd by & fore of
mpituds proportional to the elastic r.691 g for•o, and*" 90
of phane. Each re etoring faoe term in imtit than be w-4.1ife4 by
chang"

to + p%)M



!I

IV-12 2

from to 0

from +A~ I Is 1

Malting the indicated suuýetitutions © and 18in the dynamic equations

~and grouping term~:

Emn.r .~Ahf-M r( i -c1hj e'F~4 w A h jwJc- 4[S,3i-7f A, 3o

[~~~[.It ogjh4+ if Aiw--lot 0 +[.j:

+ Rd#++[, -f +z

Yor a ooluilon of the above homogenous simultaneous equations to

ead (c than tho triv1 case of h . - f 0), the determi.ant
of tho ooefficientfs mUzt vanish.

A nrwber cf methods exist for the solution of the above deteraiinantal
equatio4 For any 1/k value only moe unknotm appears ep1licily,. (the

flutfter f requecy Cj ). If X- . then the expansion of the

datrniftnt y1aIds a comp~lix oubi4 equation in X . For a solution to
ex.st tile real and imaginazy parts muat be zqro eparately. This
CoM =tin of ) satisfying tho real and imagLriaz equations identiaiiy
is matismfled au!y for certain vall'es of V/k. Thus the solution, involves
tA-e detex4nation of two unknowrns, 1/k and X . While the flutter
freqanoy thru f is an unJmo-,;n to be determntmd, the second unkiown
is P-at tstri-ted to I/k. Any of th1 phys;Lal parameters, such aa
elasxii stiffness 1 1% daning coefficient g,, or ailtroni baba.niee,

coui bo ehosen for the second variable. ThM4 for any speed determined
by the aaws4 valw, of 1/k, it is poosible to determine the value of the
secnd pq'&a-wtr which would per.it the existence of flutt.er at that
speed.

(Oe of th most rsomie t'hbodf employed in this oounmry is to
Dernit tb* d47ping factor g to be the secon,-d variable. If it is
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,V= ~~~~~~ ~ ~ tethfltedeemnncabe expresse d a11s

j =, - z A4•

"A9h As-o.A, -- O

Where

A . ' + -M .. .......

Ezpansiw• of the d~beti.an + e os, equal to +ero reslt, i. a Cotiplx
cubtc equat±• in Z for each 3/k. The roots of the oor~p~x equation can
be epit peed a-: •

then g and I bM .

For each•value of I/k there are tbree values of g ana * If at

an, valimw Of 1/k the moft Cz'itIO.A root only is Coon se (oot giving
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lowest negative value of g or highest positive value) than a )
typical g-V curve results.

U I

-
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In a natural vibration mode of an airplane wing about equilibrium
the whole system is (by definition) vibrating sinusoidnl1y in such
a way that each particle is in (or axactly out of) pha*e with ever7
other particls. Hence any natural node of vibration of the wing can be
described busically by oWLy two displaoement components, bending and
torsion, in the vertical plane containing an assumed referenoe axis and
in planes perpendicular to this axis. For this the usual assuvtion

aust be made that the wing If rigid in planes perpendicular to the assumed
reference axis. Thus the i coupled mode may be defined as followas

Bending components W~t)M (X)

(3 Torsion componenea s' 0 ) 0(. (X)

where ii sinusoidal in tim.

(The reference *xA need not be the elastic axis.)

Under a general vibratcry motion havi-g snall displacement from
equilibrium, the displacements at any point alonj the reference axis
will consist of superposed contributions of the various natural modest

h (x, t)a I i9 t ilff)h

It mor be noted that in h and a( the coefficients ai (which are
immdeat9l absorbed into the convenient pneralized coordinates
express *how nuch' of each normal mode " T is introduced. The a
are necessarily the same for corresponding •ontributions to bending
and to torsion. This is duv to the fact that bending and torsion in any
natural mode are not indep•ndent but looked in phase relation and in-
terralated by the oharacteristics of that mode.

In practice it is cinsidered that modes higher than the third
seldom contribute much to the total displacement in any arbitrary
mation. Henem only the first three natural modes will be employed in
the subaequant analysis. The generalization to a higher number of
modes is iumdiate.

Further, we shall assum that the wing is not oontinuous but
camposd of a finite set of chordwise strips numbered 1 to n.
Thus h(st) and o. (x,t) throughout the wing will be replaced by

0 11 + ~g, ha. I'a + h 31t T

at each strip k.

- - -...... .
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Wae A M-)otion bonsec In Termsn of Generalized Coordinates -

Usually the aileron degree of freedomu AIn not measured during

omund vibration test nor la it calculated during coupled ode anaysis.
However, sivos it is an elsmut vibrating sinusoldally in phase with the
rest of Ue rptm during (undmoped) normal modes, these modes can be
measured and described to as to Include the aileron also. We then have
simply during a general ctim

The kiat*o merew of a siogle strip k of wing is gLve by

i density are given in the diagram below
ThreT ehc*iae coordimte
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eauvr, all quantities in term of the mit b and positive if aft of
the. mideordo

Thus

KY I

+? (z-c.)I% + a(z--az- co)&p ,

or

® ÷ •(•cx,,Pz + At.1, (7--Cj 91

e,,t
+.-1 4
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The last tern nq be written

di4 f f (z -c.f) + Ji (C. )E-II1.e

The esipession for Tk can then be written

® Tot rill;~. + 46~ L,~ ~~d

where the notation bas okiious dtfinition.

(The total kinotic zrnrp of the wing is ; T,)
The * saionsf , .M eta., c" be interpreted as follows for
strp ks

ML a man of wing-aileron combination

Ig r masts moment of inertia of vingi0.li'io mbinatio about
reference axis.

e -. static moment of wing-aLleron oonbintiom about reference

I use moment of inertia of aileron about its hing lin.

S - static moment of aileron about its bine limne.

We now substitute the e.pressions () (e) an i into
and mm on k to get the total kinetic energr.
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+i " • •+ a a " X "

.0 (is,c +- •ob ((,k + hut Ato+ f.Z.S+, 4A , q9}3

Now in the expressiom above, crose-product terms in the muset

vanish since te er originmlly chosen as proportional to normal

coordinates. Setting each of the coefficients of cross-product terms
equal to zero separately defines the generalized orthogonality condition
of the normal (coupled) modes.

Thus

T- + a3•' - T3,;

where

A iix+ IOKK *41 + IA+ 4 ~K~t~K+

+ Set ha,,84 +(i. ck ~pJ
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The generalized orthogonality conditions are:

fp 5C+ Se,. "(hl + W#~1a -

It should be noted here that only i the aileron motion (as
anaCltically described) is rilj ielated to the wing motion
(e.g., by direct test results) may the /J degre, of freedom be
included as a normal coordinate. Otherwise the /5 degree of
freedom mist be carried ae an extra coordinate and the results
wst be expressed in quasi-normal-coordinates. (See Case B)
The generalised orthogonality condition as written above holds only
for strict:ly normal coordinates.

Next, the potential energy expression is developed, For a
given strip k the potential energy Uk is expressible as a
qurdratic function of the displacements h, 0(, * . Thus it in
also a quadratic function of the BtA this qudratic function
must contair only squared terms since the Si wore originally chosen
as proportional to normal coordinates. Thus

U= u.- + B,,+ B, )
If the case of free oscillations without external forces is

considered, the Bi may be evaluated. Using Lagrange's equations
of motion:

there are obtained

A. i t+
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w•ich are the eq!.ations fir simple harmonic motion in the noriial modes
In these cases S where CJt is the circular frequency
of oscillation irt the i normal mode. Hence

or

Then the potential energy expression is

In the case where flutter occurs at the frequency &J the fluttp.r
force3 and noments in the h, cr and 4 degTees of freedo- are given
by AAF TR4798 1 as: .. _ _ _ _ __..

Lift : .- 'Ereqce axis per unit span at strip •:

L~ w' &C( "' L + [Let- L (PU + a' 1LL(4e(i,~kýT b,= hKcu h" lt +, (.',- .•,=• /.r; C't- e,

Mioment at reference axis per unit srpan at strip k:

M , (c. -e,,) + L, (c,,- ,,x• ÷ +k]}

Mo-nnt about aileron inc xr unit span at strip k:

MY : U J~E -IP(c e')] +al -1 T- P.1 (Ck- e-)

+

.2 S-/&
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PW , T , Pg , Tt, P1  are a-ailable in tables for various I/k values

(or constants) snd are listed in Ref. 1, Pages 32-34.

No4 to develop the expressions for generalized forces corresponding
to the generalized coordinates we let l: take on a virtual change

of amolmt • •. The work done at strip k is

WX ~~+ 9Ks 2 o(K + !* 93

where • is spanwise %iidth of strip k,

so that

and thus

Qi~f (4~ 2.kh+ IFtKC(K+ FIk/3jAj4XK



ThusV-

Qo Llrltl&taa uk"atg Cii3Kb

+~~~~~~~~C e. OaC~ tk)[~-(+)]~

.(~ f + 0  Iti~ T.g e m) (p +
* (c e~)( .~i~~1 (p~ *,j I

a+K(

or+

(D7 T
+ Oh+r)



K jX[=L+! 'k(L.c-L4C+&j])+
rit

+ . • b

LT4

÷ ~E~ •r L /j%(• ÷ uDL- p1C ,., L(÷,d]

'P (CIC - e~i]e

Obvious simplifications soccutr vhepn the quarter. chord may be chosen
as the reference axis t& + a4j oj r there is noe aerodynramic oveý-hang
on the aileron (c,. -u- ek R L). In a typical case both of those
conditions rAy be" assumted as well as the foUowing simplified expressions
-rov h~,c and4

4m hit f: hi s

The general set of ILigrangian equations, Ye.-th Cij as defined above,
may be *ritten:

Ai fC + A -g 
L!)



V -l-

where Low the Qi terms havw meplaced the zeros on the right, aide of I
At the .ondition of flatter, har-6rdi motion at the freqa•acy 4 ex.it
and thus the equations bocowe, upon dividft by r Q2 s

If d4,apine g, (as "ay be ipeassred, for example, in ground vibreticn

test) is iW.roduced in the ith m6de, the equations take the form

C3,, •C÷ [,A3 C D -( J')k,)j+C?,W--o

The naeoessary and sufficient condition for the solution (other than
the trivia~l a9 ' ) of the above equations is that their

determinant vanish. This staailji determMnant may be solved by a
variety of methods well known In the field of flutter.

s M.eron Motion Epressed aM a Se*Rate Degeme of Freedom

Usually the aileron degree of 20v.dou/3 is not meaourei drlrng

ground vibration test nor is it calculated during coupled mode analysis.
if this Is not dorw, then the aileron coordinate, in the subsequent analysis
cannot be expressed in terms of the generalised coordinates representing
wing coupled motion. A separate coordinate must be provided for the
aileron. Reference will ba made in this case to results already developed
under Case A.

For convenience in this case., only two genereJ!ied coordinates

and wilbeassumdforthewingwhilethethird ill be
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reserved for the ai.ernn and will no longer refer to the wing. Thus

hK +

A.so, a free body translation and )itch of the entire airplane can be
introduced. These will be omitt for simpl~ftLation, but the procedurIe
"Aill be similar to that illustrated here.

The kinetic energy T as expressed in equation @ holds when

• • ( , and are set equw. to zero. However,

since onl modes and are now to be cmsidered orthogonal,

the exprevuRi, for T is no longer valid but reqtdres additional

(cross-product) terms. The orthogonality condition ( becoms

) i ii + ,,• .r_..,41,OC. + s., (,,..Mfa..x,.+)} o

and the net result for T is, in this casee

Ts r. (A: t' ,, A. A3 +:) A23ta ý3+t ÷ ,•
whereA[ I ,+, a , k

OIL fig.

,. s,•, , is. us:,y toe asuniy fo al•l,.•. k.)}
(AtN +sptteI :4

- -=- -.-+

ly tlon s unty fr al k.



The pottrital, energy as prsvowJly expressed in is , i valid,

here, vhere B1.  ,giving:

n~e. U 2 k#4 'F +,- W34A' r
The airforce expressions (2) , n22, ) , are va2,..d as they stand.
The generalized forces Q . - .

1,. -c ax
. .8

and and are valid with h3 k aj
Selecting, for example.. that case, where the quarter enord is the raference
axis and thera is no aerodynamic overhang on the Qtieron (i + ak = 0,

C - •k = 0 for all k) gives the following results for Cij:

4I. . 46 #

C11=ý r *x~a LL LihO)CIu~ k mot off a.igJ c

cis iorfk ax. ha- )r4~
ax.f L L. Mi atit oot

~RkT~f 33

_____ ~ ~ ~ ~ ~ ~ ~ ~ 111 +_____________________________
________________________________ ftj 3
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The agrangilan eq~sations in this case lead to the equAtions below,

Using @ , R , d and . and writing

CAL,- IAJ, , + C ,1] l +[A,1c,3 ' C IS]

Is Is

A word of caution should be injected in reference to the methods of this
appendix, for the ease of control surfaces with large amownts of unbalance
athod A should be used, if the modes of vibration are obtained by ground
vibration testing while method B can be usrd if the coupled modes ars
obtained by direct calculation. It has been found that the use of method
B, when using ground vibration modes, in the case of highly umbalanced
control surface may lead to appreciable errors in the flutter speed
calculations.

Swilg, B, and Wasserman, L., "Application df Threa-Dimensional Flutter
Theory to Aircraft Structures," AAM TR-4798, July, 1942.
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AERODYNANIC COEFFICIENTS FOR USE IN THREE
DIMENSIONAL FLUTTER ANALYSES OF TAPERED AIRFOILS

V/be ZI)_ _ _ _ _ _ _ _ _ _ _ _ _

O 0 O

.25 -. 01525 - .25195J -. 01525 - .50195J OW~59 * .007633 -.25000J

.50 -. 05770 - .510J -. 05770 - 1.01290O -.25645 * .O2S5 -.-50000J

"..3 -. 1L617 - .333J -. 14617 - 1.71666J -. 73610 £ .12179J -. 83333J

1.25 -.2Q125 - 1.3525J -. 29125 - 2.63525J -1.73156 ' .36.06J -1.25•Oj

____ 67 -. 45923 - 1.9293% -. 45933 - 3.596001 -1.21556 * .76555J -.. 6.66671

,.Cc -. 6O25S - 2.321 -. 60a5s - 4.- 0 -.. 7.320 + 1 6 -2.C

2.50 -.82500 - 3.1250,J -.82500 - 5.62500J -7.81250 * 2.06250s -2.50000J

2.9L. -.. o2M5 - 3.&1529J -1.02235 - 6.74647J -. 1.1920 . 3.00692J -2.%11j

3.33 -1.19533 - 4.43333J -1.19533 - 7.76666J -1.777 + 3.•94J -.333333J

3.75 -1.37983 - 5.109361 -1.37963 - 8.8•56J -19.1539 * 5.17369J -3.75•00J

4.17 -1.55167 - 5.82416J -1.55167 - 9,9906J -4.2674 * 64.6527J -4.166673

5.00 -1.m600 - 7.27600s -L.9o600 - l2.276oj -36.•300 . 9430ooj -5.oo0ooj

6.25 -2.34500 - 9.535S00 -,?•.500 - 15.7850J -59.5938 + 1.4.6562J -6.25000J

8.33 -3.00167 - 13.4385J -3.00167 - 21.7719J -111.'6 * 25.0138J -8.333333

10.00 -3.U&60 - 16.6o00j -3.W4600 - 26.6400J -166.Lo00 3*.4.6oj -10.oooo0 J

S12.50 -4.01000 - 21.5100o -4.olooo - 34.010. -"6.. 875 + o50.153J -12.50000J

-4.75333 - 229-733% -4.75333 - 46.40001 .. 5.56 .- 79,22223 -16.66667J

( log=- Xo0oo ,r( ) =5000 :37a5) ".5750
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w/bw tN( acn e.

1.00000 Y375w .50M0 ym7 .%M00 .51.00 YM9~ .38"83
0

03O 03 03 03 03 03 03 03

25 .96.8 R3500 .1.279 .37060 .1W33 .53693 .363V., . 3 7001~

-. 25193 -. 25000J t; -. a3j -. 235583 -. 163 -. 05207J -. 266801. -. 254.56J

* 9123 Yrj50 .1"m8 .3W.76 .2W"1. .52815 .311.2 .31332
_.51293 - .50000J --9"j05 -.147117J -. 093733 -. 106041. -. 53679J -. 50939J

A539 .37500 -. 38230 .-M352 -. 301W. .50986 .19T70 .1774.3
.3 -4683M -. 83333J -1.59WB7 -. 785253 -14.1.893 -.182633 -.885293 -. 639913

_____ - .7068 .35w5- -I.0 ..216386 -1. 38611. .47968 -.0w90 -.o9362
1.25

_-13853J -1.25000 -2.271193 -1.177923 -2.063393 -. 2Bsi.D3 -1.302903 -1.235631

.5m.0 .37500 -3-174W0 -. WO!7 ..2o95L5 .1.1512 -. 4s5 .. 339

[ -1.92933j -1.66667J -2.8301.53 -1.570593 -2.5704.9J 5.9"J9 -1.69630. -i.6101.1.

T/bi co LZ Tsp h e

o4.711.7 Lvo45so iom9 o7(*.2 W4~50 .47117 JAM91
0

03 03 03 03 01 01 03

.147117 .79013 JAW69 .6"65 o799%I .1..05 .4.5123

-.03vl.6 -. 23733J -. 0625W~ -13079J -. TJ775 -.39999 -. 57i3

.1.7117 o75013 .1.787 .6d95 o7d1'4 -0a3k o3W16
oo -.06692 -1.83323 -.12667 -. 261.97 *-o20031. -. 79"J6 -. 739073

o3 .4.7117 o66673 .~4614 .6503 -74734. .1260 .05539

-.111.56 -. 832393 -. 217013 -.4.521 -o31453sj -1.3126j -1.215,953

lo5 .47117 .5"00 .4332 059692 .69064. -. 31975 -. 50068

-ol72293 -1.305373 -. 33725 -. 700361 -. 54.1633 -1.9e1783 -1.78082J

-.22972J -1.818073 -.1.6571 -o9Ua.18 -. 754.37J -2.I.P'!5C4 -2.5c3e1j
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e -.5

S/b• 0 it c Let m L• Tb Ta T

.3972 .57500 -4.6360 -. 17211 -4.57687 U546 -. 73433 -. W467
2.00

.2, 916 J -2.000003 -3.1 360 -1.6SS467J -2.191142J -J1.16J -1.992031 -1.9224J

.1752 .37500 -s.1375 -. 4sM -7.65618 .36952 .1.40658 .1.6&--5
2.50

-3.1250J .2.50000J -3.5625J -2.355941. -3.-e28Zj -. 04.6093 .2.4032IJ -2.28541.0

-. 0220 .37500 -11.7140 -. 81311 -11.04000 .,728" -2.Vo601 -2.47155
2.94

-3.8053i -2.-13 --.. 7396j -2.T7157J -3.35078J -. 786741 -2.73393J -2.60--6

-.1950 .37500 -15-4730 -1.15226 -14-59416 .29302 -2.92319 -3.33896
3*33

.44333J -3.33333J -3.7=22 -3.1410,0 -3.41017J -. 9165-9 -. o00o49J -2.866263

.. 3793 .37500 -20.0357 -1.55906 -18.90•o0 .251- -3.s6611 -4.38923

5-510•d -3.750010J -3.68473 -3.53375J -3.307363 -1;05615J -3.26180J -.3.110Zj

-. 5520 .37500 -25.3190 -2.01372 -23.89697 .2192 -4.95W3 -5.59916

-5.822J -.-4.16•6J -3.5256J -3.926U1J -3.314935J -1.201.1J -3.5669., -.3.3476J3

S/ N Z z, h Co

•47117 .23646 .N"2hS .I.2! .56881 -1.634, -2.1157
F2.00O

-. 27567J -2.25368J -. 57373J -1.18515J -. 92512J -2.•997J -2.690OJ

.47217 .02708 .32918 J402 J0193 -2.9061 -.36647
2.90 -.3.583 -2.94.479J -. 743573 -1.53137J3 -. 2218 -3.1.6Cj -3.210

•47117 -. 15856 .29079 .32765 .4 90 -4.3045 -5-3526
2.94

-J&05393 -3.585653 . .899683 -1.f849063 -1.1.787 -3.8953 -3.6136j

.47117 -. 32199 .25706 .26391 .33726 -5.7743 -7.1162

-.459A4J -4.17767J -1.43373 .2.140073 -1.733433 -4.23553 -3.9306•.

.47117 -.49 .22o06 .1958 .26499 -7.-575 -9.202
3.75

-. 167. -4.8,378. -1.197341 -2.452.2J .1.997373 -.4.59. 4&.2533

.47117 -. 61750 .18751 .13237 .19769 -9.:•69a -11.7035

-h.307 .5.18303 -1.3903 -2.779183 -2.2772 -4AtNA53 4.4782J
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eu5
e - -_-

V/bc1  Lb vc La NL Tor Tp

,PAO .3750 -37.7660 -3.0666 -35."s2 .15015 -7.53M -8.1406
5.0

.0 -7.2760j -5-.0000J -2.946oJ -4.7117J -2.4:94.2J -1.50431J -3.9218,J -3.7518J

-1.-350 .3750 -61.4370 -5-00.9 --57.968 .05526 -12.14262 -13.9160

6.33

• .6.25 953i -&50 -I.IM -. ,M6, -.,5,.1 -•L.9'n3J -b ',00oJ -4.22',J

-2.002 .3750 -1.2'oW -9.1925 -i.o,76 -.0oD5 -23.395 -25.-oo
8.3-13-43853 -8.33333 3."j0 -7."J26 3.2775 -2. 7 7g.0J 4-4.533 -4.71599

--4.160 .3750 -269.3O -13.J. -1.9.974 -. 17257 -34.7363 -3•.•10
10.000.00 -16.64ooj -10o0000 . 7. oJ -9. .33J 7.6oo0 j --. 3_J. -5.0499 -4.9009J

-3.0100 .3750 -2724.100 -21.1572 -256.90d. -. 2w98 -56.0o6 -61.259312.50
-21.51WJ -12.5000j 16.U50J -11.77923 15.126e- -44 T717j -5.oo163 -4.9oo9j

16.67 -3530 .Y 4s99.8530 -37.9M -471.2866 -4.1260 -103.06•3 -112.1315

-29.7333J, -16.6666J 32.8=, -15.70563 31.1775J -6.17 -44.1252, -4.*1.

V N zLa T a P 2 zp

•47117 -. 9727 .12.3 .00931 .0671 -3i.9go0 -17w.4596
5.00

-.66917m -6.s561.3 -1.6W7023 -3.1.1077 -2.d~l.9 -5A~773 -4-97214

.47117 -1.4053 .03299 -. 1596 -. 1i% -23.-7462 -28.3310
6.25

-. 6g6141 -4.96 J -2.1".503 -4JA63wj -3.722J -5.61o01 -5.2062J

.47117 -2.0244 -. 095C!- -401M8 -. 3693 -U.1s9O7 -52.5143
8.331

-1.11.861 -12.6635J -3•.0672J -6.21795J -5 .- 5J -5.6•o,3 -5.21213

.47117 -2.40 -. -. M55 -..565 -. %M9 -. 9386 -77'381210.00 -1.3-7633 -n..66C43 -3.7M01. -7.65•663 -.6.5Cj -5.2-.).l -".,:-i0J

S4.7117 -2.9743 -.299. -. 77328 -. 7631 -106.2366 -123.9195.
12.50

-1.72291J -920.2696 ..4.86a6.43 -9.82518. -. sia3o -l..o0361. -3.70573

1.7117 -3-6744 -:.43d.e -1.e47Ci -1.05N9 -. 95.1C,69 -226.211416.67I
-2.297•,2 -P,.0187o -6.69106J -13.J.M3.1J -11.6-5-J -. ci.Cj -. 79691

.2•/S76



ii-

V/b L" L hm L 0 T7 k,h bB

0 1.0000 .37500 .500 .33265 .462144 .146244 .'t325 .29928

oj oj oj oj oj oj •0o o

M9IX .37•00 .1,2179 .32191 30535 .459W4 .31953 .28329
.25 -. 2519J -. 25000J -. 49423J -. 22-'76J -. O41107J -.0da28 -. 2302J -. 20975

.9423 .375oo .185po .29909 .17280 .45261 .m94 .23511
.50

-. 5129J -. 500003 -. 9FLo5J -. 45552J -. 818033 -.067 -.49972j -. 4l418

.8538 .37500 -. "8230 .21130 -. 35099 .1L3751 .18260 .11952
.'3

-.633J -. 83333J -1.59487J -. 79917J -1.32151J -.150143 -. 7514 -. 69088

.708 .37500 -1.52280 .05935 -1.40263 .412M -. 01162 -. Ufl2
1.25

-1.38531 -1.25000J -2.27119j -1.138801 -1.87026J -. 23990 -1.11713J -1.01725J

• 47 .375W -3.1710 -.153W -2.9262 .W32 -. 29296 .
;67

-1.92933 -1.666673 -2.e301&5J -1.51m13 -2.3108]3 -. 32855J -1.1455913 1321

Y/bc.T U

- I

.45552 .74767 .40683 .63WO0 .74767 .4552 .40693
0

oj 0o 0o 01 0o c0 oj

.145552 .7336f) .4"3 .62573 .714WL j4m2 .37173
.25

-. oC3763 -. 23238J -. o0.2j -. 12139J -. ogWj -.37188J -. 32788j

. -45552 .69627 • 9776 .612.44 .72809 .o3493 .26602

-. 06752J -. 473263 -. 11028 -.o2565j -. 17399J -.742253 -. 651437

.•45552 .o61777 .38385 .5 474 .698o7 .15621 .01269
.8 -.1145973 -.815063 -.1.2j -.42833J -. 299651 -1.221763 -1.o7639J

.455• 47898 . 36107 .53935 .A -. 23o67 - .149192
1.25 -. 21 j -1.27818J -. 29189J -.6S38J .-. 46992J -1.79155J -1.57661J

1.7 45552 o32397 -3%%6 .14673 .59186 -. 79112 -1.21555
1.67

-. 2917,14 -1.78021J -. 402131 -. 761j -. 654491 .-2.32162J -2.0o4013J

Q. S/ 5-6



e-_4
( VI-7

v/bo re v at La N o Lo Th T cK T

2.00 972 .37500 -4.M860 ..... 36732 -4.5QA4 .3599 -. 58435 -. 7&h06
2.00

-2.3916j -2.00OOO3 -3.1860 -1.8•2203 -2.579830J -4.0727J -1.71113J -1.55706J

.1752 .3"500 -. 1Y35 -. 76116 -7.5o354 .32195 -1.13605 -1.1-42A
*2.50 .5 3;1250J -2.50000o4 -3.56253 -2.27761J -2.831470 -. 53217J -2.06743J -1.88025J

-. 0220 .37500 -11.71T0 -1.18136 -10.80267 .2Mo -1.74711 -2.132772.94
-3-8053J -2.g9g13 -3.73963 -2.679541 -2.91763• -. 64go0j -2.35532i -2.1o098J

-. 1950 .37500 -1514730 -1.61206 -114.27031 .25894 -2.38724 -2.569383.33
3 .. 5 4-4333J -3.33333J 3 7W -3.03678.1 -2.88531. -. 754973 -2.591741. -2.35%71J

... - -. 3.. .37500 -.-2.03o1 -,-2.12664 --18.a467 .22747- -3.16391 -3.76U11.
3.75

-5.1os81. -3.7500o0 -.3.6e7J -3.•161IJ -2.719213 -.869923 -2.818583 -2.55933J

-. 5520 .379Do -25.319) -2.7o6o0 -23.3561 .19815 -4.06394 -4.78735
4.17

-5.c12j -4.166W'lj -3•.52561 -3.796'o -2.49603 -. 99181J -3.03493J -2.75&253

12L "T p

-45552 .1916 .31211 .14182 .54318 -1.3716 -1.9590
2.00

-.35006J -2.20675J -1.9456. -1.0o930W -.81130. -2.714-53 -2.382- 1

•45552 -. o0356 .277M9 .3=227 .JA67M -2.4716 -3.3•,4
2.50

-. 437613 -2.88347J -. 6399j -1.4o3713 -1.o6oo09 -3.2507J -2.6459j

.45552 -. 19534 .24Wo .31060 JAM97 -3.6M -4.7
2.94

-. 51J..53J -3.51118J -. 77258J -1.691753 -1.29067J -3.6711j -3.2066J

.45552 -. 35497 .21905 .2564.5 .34229 -4.9630 -6.W23
3.33

-. 5s87j -.4.ogo67j -. 89- 5,3 -1.95507J -1.5092- -4.00o9J -3.49121

.45552 -. 52551 .19001 .19,60 .27959 -6.5101 -8.4120
3.75

-.656aj -4.713533 -1.o02536 -2.2373D0 -1-73291J -4.31323 -3.7489J

•45552 -. 68437 .6296 .14471 .22118 -8.3031 -1o.6z75
4.17

-. 729Y&1 -5.3714003 -1.1625%3 -2.53228J -1.975753 -4.5M996 -3.96733



e -- __

.8.00 .AW3750 -p7.7660 -4.06432 -34..437o Utw12 -. 183 -7.1963

-7.27603 -5.00003 -2.d460 -4..5552J -1.710J -1.23953 -3.1406i3 -3-06733

6.5 -1.31450 .3ý750j -61.14370 -6.50147 -56'.6762 .06310 -' 1.21L6 -11.7'506

A-.53503 -6.250 -1.1266 -5A9W.o .0976 -1.61371. -3.84141334=

8.3 -2.0020 .3750 -1is14.920 -11.S2 -105.6M7 -. 04872 -19.2495 "t1.Sw0

,13.14395J -8.33333 3.a2403 -7.59173 4.51391 -2.2001.q -4.3170J -3.ftR73

1.0 -2.1.146 .3750 -169.31.60 -17.1714 -156.2396 -.124N -26.5907 -32.Wa.

-16.61.003 -10.00003 7.Woo3 -9."10. 9.04.50J 4t.63363 -4.512* -4.OW~6i

-3.0100 .3750 -272.1.00 -27.017 -251.350A -. 22.l. -46."13 -51.6561
12.50

-21.51003 -1250003 16 . 150i -11.3m0 1701"97J -3.66003 -4.5591. -4.065W3

1.7 -3.7530 .3750 -1499.8530 -48.2m9 [.46.195 -. 54W69 .61sCM3 948

-29.7333J -16.6666J 32.8=22 -15.1"11 33.31439J -5.0633I6 -4.Voi6 -3.6m65

- L T pp

5.0 45552 -. 9926 -11014A -04016 .1IOM -12.5255 -ý15*8233

- .875213 46.71363 .1.414193 -3-1057J -2.1.662 -5.04903 .44063x

-45552 -1.4161 .0363" -.10351 -. 04783 -W0.5554. -25.6256 -

6.25
_1.031401 -8.7960J -1.680%3 -4.01*4 .3&263W -5.46iW -4.6M7

- 45552 .2.0223 -. 06486 .3W16 -.27070 -36.5532 4742

6.33
.1.4.5668 -12.3996 -2.60645 -5.62u693 -4.5567M -5.7075 -4.74.903

.145552 -2.14320 -. 1".6 -4.481 .4.232 -57.1613 -69.7733
100 -1.-7501.. .15.3539J -3.2061.7J -6.910703 -5-641479J -5.51593 .44.669

.4555 -2.9Mg -. am32 ..62467 w.61"6 -96.12y7 -111.60%I

-2.185033 -19.814753 .412215j -8.66062 -7.29694. -4.71.13 -3.60053

.145552 - . 30 -. 4.002 -085721. .. 86W-6 -1go. 2*M -OD34.61

1.7 -2.9173731 -27-43521 .3.66171J .12.1143673 -10.066143 -24.601 .1.25093



w/i___ .___ e--3___

-
I

1.00O .• .75M00 .25.A .39064 .390M .2&% .22553
0 03 oj o1 o0 oj oj o00 0j

-- . .3o500 .4n,79 .279 .3233 .3m .27734 .21P02
.25

-.25193 -. 2%0WQ -je1123 -. 2f2M7J -. 37339J -.03W~33 -. 19452J -. 270153

.5 .9i2J .37500 15 .23510 .1192 .392(44 .2W,166 .172W

.0 j -. 512M -. 500003 -. 900fs3 -.1.615 -.74M,212 .. 0nda1. -.35Slg33 -3,967J

.5 .3750 -. 3Mo .24064 -.3932D .37036 .16%6 .07351

-. 89333 -. 833333 -1..99 J -. 726US -1. 19oI -..122, -. 64ni1 -. 56017J

.7055 .37-50 -1.5'o -.(i'•8 -i.0o966 .35025 .0o767 -. 12160

5 -i.355j -1.25=0j -2.271.93 -1.090373 -1.6775 -. 1924 -. 9403931 - -.ef- .

.5.07 •375M -3.171.90 -. 301 -2.A519 .32693 -. 22149 -.- 0205
-16.67_ _ _ _ _

.67 -1.92933 -4W3 -. #3o453 .11351_2.05M14.j .. 267613J -1.23239J -1.073U.1

(]

y/be NS La 
Ph

.4.3615 I -55736 .686M .4,7615 .33217
0 --- 03 03 0oj o0 0

.5 .4,3615 .61135 .3* 55333 .66361 .12 ~ 3

-.053••. -. 2M6633 -. c47%3 -. 112%T -. 073"3 -. 3,, ..o -. 2729J

4.0615 .63W3 -324962 .67116 .3.396 .20431

-. 2.06mi ... A~l1.3 .95W -. 2277b. -. 15045J -. 66340J ...573213

.43615 .55W. .1391 .51M4 .%5m .17735 -. 025

-. 277133 -..795%J .. e3.oj 1

.1.365 .1.251 129M7 .LA"3 .60266 -.~ 2 .48407
1.2 -. 6569j -1.2.761j -. 2?599. -.599USJ -. 406351 -1.65309J .1.38172J

• Q5 "-4 M7• .43M .-55"3.Z -1.1410
1.67

32. 2,I63 -1 .73762, -.3.3 -707, -. 56595J .-2.1I,60dj -1.78715J

_____o



1 Y/fbwj L b v Lat L '•v T

12.00 .3 .37500 -4.60 -. 59 -4.41567 .30703 -. 45W2 -. 690540

-2.3916J -2.0o0003 -3.1u6o, -1.714493 -2.26769, -. 33172J -1.1.6j4 -1.26114,

.1752 j 7roo -3.1375 -1.o02 -7.32766 .27621 -. 90982 -1,23473
2.50

-3.1250J -2.5C300 -3."J25 -2.1807W -24.4635. -. 4.334.5J -1.753803 -1.522963

-. o02 .3756) -11-.,',o -1.55.,7 -If.53W .g66 -1.4o59o -1.02917

-3.50533 -2.*43E3 -3.7396 .2.56556 -24.61813 -.52761j -2.000663 -1.733"33

-. 195C .37500 -15.730 -2.07347 -13.90W9 .22489 -1.927m. -2.45036
5.33

-".3355 -3.333333 -3.'/8 j -2.9076e3 -2.37046, -. 19J -. 2-12415J -1.906993

-. 3796 .37500 -20.03rt -2.70060 -18.0006? .19925 -2.55907 -3.20227
3.75

-5.1081.3 -3.750003 .3-.6617j -3.27=1, -2.11.1.22 -. 70650 -2.1.0059 -2.072673

-,5w2 .3750M -25.3190 -3-14M, -n2.74826 .17537 -3.29296 -4.0661.2•.17

- 5 .gatj -4.16673 -3.52563 -3.6N6?4 1.551 -.80733 -2.56d.53 -2.030661

v/b. %3 Ls Ts 1, s

2*0 .43615 NOW1 .25607 .3961 .5"12 -1.1436 -1.78632.00
-.. 251.1 -2.15596j -.. 2347i -i.M00065 -. 7015Y. -2.!,353 -2.067M3

.4.3615 -.0549.- .22911 .3Y9G -WAN -2.0976 -3.0C5

-. 53139J -2.014193 -. 51.6261 -1.2s666j -. 91669J -3.0o7J .-2 .452-

.43615 -. 232• 7 .2050o .26735 .3629 -3.1467 -.44677
2.94.

,.. '1.63 -3.1a7S1 -.65975J -1.%TM. J -1.-116gw -3.19oj -2.8134.

3.3 .4)5 "-.39815 .129 .2.165 .3375.4 -4.,9A, -5.9106

-. 7651J -3.992,2 -. 761663 -217"933J -1.30047J -3.74111 -3.06,1

.43615 WA3161 .159M .19282 .26332 -5.5672 -7.6560

-. 79708j -. 60n77j -.c1719j -2.041 j -1.1.961.93 .c41l 4 j -3.29541

.436, 5 -. 70971 .136 .W7,33 .2322 -7.1376 -9.6569
4.171

-. 88564.1 -45.24SW5 -. "67371 -2.50705 -. 70i.63 -h .32373 -3.50613
;2 III

2~ / S*/6



-727os -5mm -~~j -43W -961 4 .- 4 .9I1O9 .j 4.0 7

.37500 1.1.370 09A -05.Im8 .065M0 4.30267 I .. 23
6.25

-RIO=0 .YM5 -l14j9m .- 2i.k7i -im.536 -. o"57 -15.30967 l 436
8.3 -13.4.36 -4.3333331 3.90)@ -7.669103 5.60363 -1.f6597 -3.7162e3j .1,

44M0 .siw -249j3W -20.96716 -152. 3iA -. 007%4 -a3.30336 -2.97
10.00 -2& j -10.00=oj ?.Mo3 48.721963 IL0.391 -2.300 -3.9340 -3291j

Mo -3.0100 MAM .3 -0 72J4.1 -32.92532 -W.5.M5 -. 16557 -37.56547 -43-56m

-Z.5100 -i2.50000 16.2503 -10.90570 28.7mi1 -2.90W -4.06515j -3.3

2.7 -5.7530 .3M0 46.#Y9853 -W6.7%% -U.8*9.g3 -.2686e -69. =772 -79.557M
.6? .753333 23&6666j39M -14-*3.5"A30 35*f9m1 4.Lj131 -3.8~2 -2.Q if

v/bc N, ph 1
4%2365 -1.010-5 .0"65 .0W9 Y -10.7m8 .1-34.~67

5 -00 1.06277i .6.55303 -1.210693 1-2.1.130J -2.1.3k4J .4.7m22 -3.85773

6.2 J36"5 4.1.239 -O2 .67 00D -17.7325 -23.1837

-1 329AJ 48.56763 -1.%M06 3 -3.6716 -2.798M0 -5.265WJ -4.24599

164)U5 -4.0156 -4m~ -.2m57 -,19M5 -35.2956 4,2-786
6.53

-1.77121 -12.10323 .2.19636 -5.097061 -3.O0M51 -5.62803 .4.25803

104 J&15 -24.155 -. 09M3 -. 35305 -.322T 49.085 .6e.9058

-912U04 -14.9M666 -2.7W3 -6.g.023 -4.86115 -5.6009) 4&.06033

.43615 -2.9235 -.16617 -.50205 J1.e82 -79.6193 -100.495
12.50

-2.65693J -19.3727 .5.1.616 -7.96r/653 -6.30MI4 -5.LW513 -3.36513

1.7 .4.3615 -3.9926 -.261%9 .69m3 -.70616 1l.6.3374 -182.9M8

-.a53 -26.778mm -1..75Y%3 -io.97M76j -4.71296 -3 -5.599 -1.4959



e .2 V-1

v/b L L L Th T_ ccT_

0 1.00'*v .37500J .50000 .96575 .32L90 .32L90 .24575 010356
o0 oJ0 0 i o i c3 03 oj o0

.5 .99 .*37500 .472179 .23015 .25B9 .323M0 .23703 .15.51

-. 25191 -. 25000J -J. A9Mi33 -. 206523 -. 33579J -. 02807J -. I,1803 -. I"5

S.94231 .37500 .28W6 .183•.7 .03763 .31117 .=W73. .22033

-. 51W9J -.50000j -. g9l.j -. 41.3IJ -. 6661" -. 05717 ..323124 -. 2705•

.0538 .37W0 -. 3623o ,07a,97 -. 4a2M9 .3060 .2471 .03M25

-. 8933J -. 933331 -1.9•5 /, -. 66837j -1.0672o0 -. 09de -. 533.93 -.14160

.70Ms .3750 -1.52280 -. 11.o -1.0683 .29U .0202o -. 12550
1.25

-1..-353 -1.2500,1 -2.271193 -1.0325j -1..61.0oJ -. 151.1.J -. 75674.1 -. 65616

.54.07 -3.171.90 -. 44734 -2.830• 1 .2M370 -. 16387 -. X:.nf
-1.9293j -1.66667J -2.t3Coi5j -1.37682.1 -1.797261 -. 215"j -1.02691 -. 95W..3

N s
S" l " P P ,r

1.3o4 .62547 .26606 .46554 .62647 .1,130k .26606
0

03 03 3 03 o03 o0 0o

J.,304 .6i3i .2A%457 V-247 .6226e .39332 .2M716.25 -. 062385 -. 2206.1 -.00W2. -. 10k263 -. 06352, -. 3117•3 -9.^764

-ao ."3 .2643 -. 7320 .61g9 -o33360 .15002

,,,.753 -1.211 -. -. 06154 . -. 21058J -.12936J -. 622•.5 -o.L992J

jam15k .25179 .453%1 -56960 -19052 -.050-16

7.37-.7J -. 77577J -. i3869j -. 3723J -. 2227J -1.02601 -. 815.3J

25 1 37139 .25763 o42151 -35303 -1 -. 4%.66

-3?~J In w-a~ -j91 -93J-.0l -1.0702

1.67 JA1.1 X"22122 .3a4.37 ;51063 { !.51381 -1.o103
-.4.1~ -i6g~oo&j -. 295263 -- 75%17J --- 6& 1.961403 1560



e = 2

[Wv/bTw) L 1 ac L T j Ta T

.3m7 .37500 4(.UWO -. 75M7 -4.3096 .2577 -. 354959 -. (OW.2.00
-p.39163j -2.00-0003ý -3.18603 -1.652153 -1.961713 -. 26658J -1206 -I.1.0361

S.1752 .3750 -9.135 -1.31365 -7. W145 .2329 4 -. 7702 -1.05813

-3.1250J -2o50C00.5 -3."5,1 -2.06519J -2.065523 -. 34"85M3 -1.J&67V. -1.211393

-. 220 .37500 -11.71.0o -1.91259 -10.23317 .2109( -1.11566 -1-55362.94
-3..53J -2.94118j -3.73963 -24.2963J -2.016633 -. 42415J -L672323, -1.37910J

-. 1950 .375Wo -15.4730 -2.5 2652 -.1.5M0.7 .19170 -1.'3466 -2.071.56
3.33

~" -3-33333J -3-7=J -2.753553 -1.569.1. -.4.9416J -1a!.9"173 -1.516603

.350 -W.0357 I -3.26WAM -17.1.1" .17110 -2.0t.502 -2.7027

-5.i094j -3.75=00 -3.6647J -3.097773 -l.55667. -.569W.0 -2.0111.6 -1.6h.623

4.7 -. 5520 .37500 -25.3190 -4.08W9 -22.07763 .15191 -2.63n41 -34.W3764.17

-5.8t 4.16 -3.5 o -3.1. -.-. 98 -2.1.7

2.00

2.00-od4 .2D72 .35266 .47f1$ - .94536 -1.6610

2.00
-. 4.99011 -2.094"j6 M.5373 -. 9171W. -. 603193 -2.)0059 -1.60613

2.5D .4.1% .. 09621 .18551 .30357 AuI*. -1.7654.2 -2."23
-.62R6j -2.70,23 -. 4•J.5 -1.176713 .•..716J -2.76981J -2.16013

.2.94 i. -.26M .16W7 .6005 .367 -2.A671 -i.07962.91
-. 733843 -3.33334.3 -. 556633 -I4u121J -.- 59733 -3.144168J -214371.4

3.33 . -. bo3 .W38 .29 .M -3.711 -5-3
-.. 3168J -3.•,8l.8 -. 61263J -1-7M9J -1.1U.1J -31.1.8 -2.65713

4104 -65W3 ..113 .27" -4.761" -6.9581
3.75

-. 9"6413 .4.74.79J -. 734763 -1.898J -1. ,AJ -5.79126, -2,.390JI A --7!049 .1453 .1&296 .23504, -6.W ,16154.17

4 -17 .03/6* .5.10181 -. 307 -2-0973 - 1 "

S, d. _ - _ _



VVb LbL L4 Ia

-. 6860 .37500 -37.7660 -5.9918 -32.93k77 .13.6 -4-01953 -5.111.5
5.00

-7.27601 .5.000003 ' -2.81.60 -4.130373 -. 24113J -.611013 -2.451553 - 1.9"M20

-1.4.50 .Y500 -61.4370 -9.50050 -53.6066 .06351 -6.65799 -9.30375
6 .2 9.5r,503 -6.25003 -Ii.6 -5.162963 ul. sj~l -1.o626ij -2.793733 -2.a24M3

-2.0020 .37500 -114.499 -17.009 -W9.99071 -.00972 -12.57172 I-15.56559
6.3 13.4.385J -8.333333J ;.g.2j -6.m3993 6.7741513 -1.4i97911 -3-19585J -2.5154.6J

i: 2 1:O .Y150 -1694y.0 -*.7l*65 -147.9"09 -.09P92 1 6.89 -22.65775

16603 -10.000003 7.00 -a.26071. i1.61.1. -1.851.76 3 -37I -2.62697j

125 -3.0100 .3750 -272.a10 -38.73M925 38.18363 -. 12207 -30.1736M -36.25196
1.0 -21.51003 .12.5000 16.11504 -10.3M933 20-20436J -2.39759J -3.53959 .2.653753

-3-75)D .3750 -4&998530 --69.06091 -4.73.315n1 -. 2o01.1 -55.52560 -66.09511

9-297333J -16-6%666 3eJM2 -13.76733 37.011.16 -3.311.203 -3.45953 .2.1.539

IVA 
1

a h ?ap

.143i -1.0"56 .06191 .06917 .15M6 -9.2380 -12.9658
5.0 -1.24752j -6.3Th3b -1.095073 -2.5t~173 1656 -4&.46J. .3.5391

6"25 3a3. -1.1AM7 .03710 -. 03N: -039*i -15.2061 -80.9m5

8.3 .43* -. 0032 010 --17739 -. 13066 -U,"691 -36.%w1.

10.00W- .31 . 7 a - "J A - 946 404.238 -56 59916

... 490aJ .. 1.5713 -2AoAM00 -.56ei63 -4..19677.1 -5.5129 -3.62053

.L~ya -. 88G -12547 JO=09 OM.3 -"6.4276 -W0.2810

12.50 1~ -.18.V122 -2.8063S -7-18"J~ -5.1.5*.3 -5.29213 -3.10M1

.1.11c 4.3530 197W7 -..S123 -*57i"2.71 h419
16.61

-.4.i58.0 -26.01.563 -3.9%196J -9.811*. -7.4901123 .4.19M2 .1.59333



L/u T T T

Lo. .37500 .50000 .2D575 .26539. .26KI39 .20675 .1571

03 j 03 03 03 0. 03 Os

.25
.2519J -. 25=00 -.494~231 -. 193151 -.2955j -. 02219. -. 132183 .105713

.94~23 .37500 .1956 .131.19 .01012 .26030 . 17a06 .07788

.0 -. 52293 -. 500003 -.961.05 -.39629 -. 59155J -.014520i -. 263983 -. 210293J

.8538 .37500 -. 313230 .007 82 -. 1454.55 .25250 .128 00 .0o967

.8 .683!1 -.-,35333 4%.591.8 -.E6a39OJ -.94.1913 -. oT -.145993 -.3117671

I -. 2 'M .37500 -1.50W -. 2"90 -- 1.39301 .2S973 O02VW -. 126%1

-1.3953J -1.250003 -2.2fl19J -. 96o571. -i.29sa3 -. 12206' -. 64s33l3 -.5lii~.

.0 .37500 -3-17WB -. 5860 -2-.76M6 -2961. -. 181 -. 3n152

.6 -1.92933 -1.666673 -2.83015j1 -. 29.767j -1.51.95j -.17002J -. sw.313 -. 655

.5656 .2m". Jaw69 .50556 MW63 -WR461

03 03oi 031 03 0 03

Z3o ;T ;m .20732_ .1424U ~.56W17 -3"917 If229_

.3"" .43" .29753 .53210 .94 .O

Y~ 1 2%$ _________roy -.2-98061 -,1.35996o, -i

.36W0 .1T360 .U11u .53303 .464~73 .4i0Wj4 -1.n0035

-. k4150? -1.6y3723 -.4AAW~4 -. 6W665 --41513J -1.77030J -1. 329M3



e=-.i

I I 'P

2.00 -488W -. 042 -4.IM5 o2= -. 26" -. 52195

-2.3916J -2.000=J3 -3.1803 -1.45,10 -1.662601 -.21o6j -. 9896j -. 781713

2.50
.1752 .37500 -8.1375 -1.57577 -6.90192 .19266 -. 55544k -. 09M2-3.1250J -2,50000J -3.5"J,6 -1.932417 -1.695163 -.27539J -1.2•o25J -. 943381

.94 -. 0220 .37500 -11.7140 -2.26003 -9.89811 .17532 -. 87063 -1.1310522.94
-3.8053J -2.914)1J -3.7396J -2.27232J -1585703 -. 53535J -1.37227J -1.0O738

-. 1950 .37500 -15.•7•0 -2.96139 -13.05395 .16008 -1.20189 -1.739533.33
-4.4333J :-3.333333 -3.7=J2 -2.57r,27 *'.W386.3 -. 390693 -1.51505J -1.18033

-. 3796 .37500 -20.0337 -3.80267 -16.8S"78 .1439 -1.60o3 -2.2E".
3.75 -5.1o08 -3.7500cJ -3.6647J -2.. MiJ -i.o5197J -. 450O1J -1.65"47J -1.2366J

-. 552D .3M50 -25.3190 -4..74M2 --21.3,895 .1286& -2.069%8 -2852991..17 -5.o82J -4o.16667j -3o.5256 -3.219121 -. 65723 -. 51326J -1.78967J -181W223

V/bc, m~~ TppP

.2.00 Ja .05203 .16338 .303. 5¢395 -. 77261 -. 5519

-. 57009J -2.02951J -.30152J -. 83792J -.-5,146.4 -2.07907J -i.51•o3j

-386Wo -. 13654 .ý1676 .26626 .3o0 -1.4722L1 -2.;r/6
2.50

-. 71261j ..2.65137j -. 367033 -1.07213 -. 67".13 -2.50947J -I.I*9j

.-3630 -. 30372 .13,•3 .2309 .31365 -2.24i17i0 -3.71392.914 -.83136J -3.229i63 -. I.6197J -1.26 -. 8187j -2.-5394J -2.0o803

.-3630 -.45052 .U909 .19i70 .30643 -3.05061 -4.*'865
3.33 I

-. 9501W -3.762nJ -. 5359J -1-4792IJ -. 95y92m -3.15639J -2,2692J

.3S630 -. 60737 .10527 .16495 .26666 -4..0319 -6.3C36
3.75

-1.0691J -4633I4 o622024 -1.6506J -1.0991rJ -3L.e573•i -P..4363

.3863 -. 75341 .09o .13352 .22961 -5.16917 -7.9231I1 -1.317693 -14.9U437J -. 691113 -1."935J -1.253139 -33"IfJ -2.6a5J



ev -. 7

v/b. Lk ____ a ~ m____T_

5o -. SSW0 .3750 -37z7660 -6.9603 -31.8357 *C992S .-3.16,65 -4"~6

-7I0 50CJ -2.8taWJ j..3.863oj I -. 64,.21j -2.oe341.134M

8.33

-2.44.60 .3m5 1269.31.6 '2.2w 10-11 -. 03630 -2 "-76n -18.6W59
20.00

-1.1oJ -Dgo~ ?-82W3. -7-725J 1 62 -I4644 23 ..2.856I3 -2.0512J

2-0 -3.0100 .370 4m0 -44.3323 -30.53n.9 -. 60 2.aB -29.80

-21.5100 42.5=00 16.li~oj -9,65i1, 21.1.739 -1,695593 -3.o1143 -L0775J

6.7 -3.7530 .3750 .6A530 -7..9729 -23M.148-43.oue& ~-%.2549
Y i . 9 7 3 3 - 66 76 -2 9 -7 3- 2 .73 33J6 6 3- 2 6 O __ _ __ __ _1 6 . 6 6 6 6 _ __ _ __ __ __ _ __ _R A MS__ _ __ __ _ _- 1 2 .9I__ __ _ __ _ 6 5 J___ _ 3 8 -4 5 6 61__ __ __ __ __ __ __ __ __ __ __ __ -___ __ __ __ __ __ __ __ __ __ __ __ __ __ __

f?/b.. w IT Ps2 C

.386301~OM 74 075 i' 7_01474. -.U.714
5.00 36o -oC.072a%

-. 5791I -2313 1. 4&.0962J_________.l.425m2J -6.17L44j -. 95062 -2-31636113"

.38a0 -1.4M41 .03309 -. =?a2 .05M9 -12.QW? -. P6

6.2 -.7 52 -~ ol ~ -,.~ j - 2.594 8?3 -2.05165 .3 -4.5 977J -3.1142 J

.M6630 -1.9939 -. 01"cA -. ILl~ -. 0@239 -24.3565 -34.592n

8.3 -2.375A6 .-11439j -L51609J 14W71 -. 9,j -X j 32W

.Je6w -2.3W0 -A0i~25 -. 22232 .17792 .36.1595 1 --50.7196
-2.95ci.3 -14.. 1I373 -1-6571.13 -5.044511 -3.5&"s3 -5.265131 -516651

.3.506.3 -2.0393 -. 091W~ -. 31530 -. 29929 1 .5%.3357f -60.793e

-3.%63'.0J I-1U.2533i -2.37526J --6.435283 --4.6aMS3jI -5..242j3 -2.770Wj

-4.7507IJ -25.23W -3.24579J -e-772713 -63M -4.i55oW -1.5795J

;z/5-,16



e o

1.000 .37500 .50000 .16e66 .2f'221 .2110 .16661 .06191
0

03 03 01 03 03 Oj 03 03

.9"14 .37500 .4=79 .1o67 .1W6 .211168 .163W7 .07".9
.25

-. 2%19j -. 250001 -. 494.231 -.1705 -.261893 -. 0172(43 -. 105713 -;080)g3

.91423 .Ym50 .1856 .06903 .. 03Uj .20629 .24715 .05M6
.50

.. 5129 ..5000C' -. 9&M05 -.356103 -. 517863 -.035363 -. 211133 -. 160383

. .6-538 .Y750 -. 30230 -. 05M3 -47326 .1-9923 .1063s -.*am0

-. 88333 .. 8353334 -105%M67 .. 993aB3 -. 819003 -. 06 03ki0 -.34676 -.2.gum

1.5 .7086 .37500 -1.52260 -. 3M66 -1.37027 .192318 .03043 -.11655

-1.36533 -1.200 -2.27119J -. 09W15 -1.114k. -. 0001.66 -. 52490 -. 30662.3

1.7 .5w0 .379D0 -3.171.0 -.71563 -2.67966 M1035 .-. 0"~3 -. 73

-1.92933 -1.66667J -2.63W.53 -1.167M2 -1.-30335J -. 131792J -. 673023 .051

v/bw L2  T

.35,610 .50000 .15916 .35132 .50=0 .35610 .19916
0

03 03 03 03 03 03 03

.35610 .4"352 .1%830 .3L49" .14961 .31418 .13.55

-.07956 -. 06093 -. 0654J. -. 066113 -- 045763 -- 1u895J -. 177823

.35610 .14"2 -15593 Y"V274 .4895 .29901 .094W4
.50

-. 259120 -. 419713 -JC.57m -. 177563 -.09319J -.14711 -.33M57

.35610 o.W)6 .15098 35 .1473.14 .19560 -.1061
.83

-. 2026J -. 722943 -. 09757J -. 300193 -oi1o493 -.82026. -. 5sa913

.35610 .26171 .1428 .30803 4.4709 -o01wJ. - 4.150
1.25

-. 3fl93 -1.1335614 -.114923 -.145926 -. 251693 -1.206.33 -. 83365JI.6 .35610 '1ga15 13YA6 ""A30 ."1 41655 -4.1150 .920

1.7 -. 530523 -1.57879 -.2.2W33 --6~.9M --3505W~ -1.57533j -1.105073



v/bo L N L. cc L 2' 2'

2.72 .350AJJT iIcO1 ~.70 -. 29931 -AW19

-2.3516i -2.00000j -3.1"6j -1 .Stis0J -l.Yr7gj -. 163373 -- 7904a .. 99M6

2.0 .1752 .350 -8.157 -1.820d -6.6170" .15M8 -4i2AMW -.Pe1t7

1-3.125J -2.50000J -346151 -1.780503 .1.323J -. 21347 -. 962114 -.7161.2

.3750YPA -11.71W. -2.%Os .9.5273 .1424 _.6W73 -1.03365

3.6053J -2-040U3 -3-7M6 -2-094714 -1.172673 -. 2904. -1.101MJ -A815i.j

-.1950 -yaw0 -15-4730 -3.36M1 -12.y599 .1" -. 9U5M -1-43310

-4-.43331 -.3.333331 -3.mej -2.31m S -. w%7j -. 3I2ow -1.21749 -J9655

3-T 37 Alm.g7 .1 -l.2"a0 -1.85557

-5.1na3 -3.7A0OM -3.6&73J -2.67075 -. %W~j -..3A5j -1.33095j -. 971.69

4.7_M 3750 -a5.51.90 -5.3"a6 -O.WM7 .10619 -1.59A9 -2.3~30

-5AUMa -4.16667J -3.W256 -2.967%j3 *..1mo _.MMU~ -1M o -1.d.i66Jf

2.0 .35610 .00672 .1251A .26170 .3~S -. 62MB -lJuUa

-.636613 -1.97073m -.2w353 -. 760163 -.4353J -1.85230 -32133

2.0 .35610 -. 17511 .110 ."M03 -1.223*~ -2.3%1

-. 795mij -2.Lr=f -. 3192J -.97122M -. 567753 -2."M3 -1.51.55

."W61 -. 330A1 .1fl3 .1993 3I3 -i.8636 -3.3M3i

-.936113 -3.11391 -. 3803 -2.LI 783 -.691381 -2.g51U5 -i.71.33

..35WAO -.4477 .092% .17365 2. 42.5m -"In.~2

3.7563w -. W913 .o l .14.617 .2930 -*.371.6 -5.6M1

-1.19366J3 -4.1g9M -. 5OOu13 -1-519W2 -.923k1 -3.05679J -2.052

1..17 O -. 70 .03 -lw .28 -3.1"29.
4? -1.3262931 - -.76997 -1.71~e73 -1.50593 -2H 2M3

:Z 15,7



e=O Q 20

L/ b bL boc _ _1 L A T h T oc Tj

5.0.66 37500 -37-766 -7.76915 -30.6297 .063377 -2Jj44534 -3.4 7067
5.00

.7.2760J -5.00000J -2.-8460J -3.56100J 1.0816j -J.97023J -1.6334J ,-1.17611J

-1.3450 .37500 -61.4370 -12.26538 • -9.8852 .052023 -4.06231 -5.999i 4
6.25

-9.53503 .6.250003 -1.12883 -4-45125J 3J~4953 -. 651336J -1.87556J -1. 326866

-2. 2 .37500 -1144920 -21.9,742 --93.1%4 .00714 -7.686W0 .10.31070
8.33

8.3 -13.405J3 -8.33333J. 3-2420J -5.934i98J 8.6652j -.9179a&3 -2.17687j 1-.491403

-.2.44 .M7O -169%W -31.66240 -137.9130 -. 02316 -11.U997 -15.13646
10.00 -16.64001 -1.00000J 7.82003 -7.1220031 13.7423J -1.1366783 -2.34302J -1.56125J

-3.0100 .375o0 -272.4100 4o9.56734 -222.1103 -. o01713 -18.•7385 -24.1U&094
122.50 .21.5100 -12.500003 16.11501 -8.902•0J 22.5431, -I.693W$ -2406693 -. L-58504

-3.7530 .37500 4499.8530 -a8.25084~ .Ja05.O34 -. 112467 -34-01051 .i43-87011
36.67 -62.7333J -16.66667J 32.8222J -11.8700 0I 39.9M2, -2.03IM91 -2.551.63J -1JI61773

.356• 0 -i.o433 .05373 .07091 .15733 -6.9965 -10.5106

.-1991553 -5.951- -. 695"+ -2.o05003 -. o321963 -3.7w2 -2.102

.35610 -11a16 oeOD? .00267 .07394~ -20.97M -16.8568

&25 9 -1.96 -M0.9963 -. A1M3 -2.6(•16O -1.73214J -4..7161 -2.76923

.35610 -1.9W -. 00" -. 09501 -.o4543 -20.5368 -30.8736
8.33 -ZZ

-2.6.83•. % 10.99693 -1.,2331 -3.68670J -2•.441641 .-.4716J -2.76693

.35610 -2.3199 -. o3347 -.1603 -. 12610 -30.503e -7.5.20

1.0 -3.183303 -13.6167J -1.5014.63 -4.500I.43 -3.023323 -4.94543 -2.7127

.35610 -2.76114 -. 06500 -. AimE -. 22M5 449.2209 -71.697
2.50 -3.97MJ -17.6019J -1.92525J -5.73122 -3.90515J -5.0296J ..2159)J

.360 -3.38WA -.10653 -. 395351 -.36357 -W0.5530 -1-30.36
16.67 - o

-56IJ. 3•3-.13 -2.62•90J -7.7909J .- 4.0•253 -.6.69 -1.A1.3"J

--.- 
_ _ _ _



e -

vbw L UL UL T T T
- ch - bo

0 1.0000 .57500 .50000 .13.3 a16539 .16539 .10.3 .054.34
03 03 03 03 01 oj 0 03

.5 .9iw .y500 J0279 .11w .10653 .164W6 .1"5 dAlo1

-. 251i93 .. 25m00 -.JO9I33 -. 161371 -.226073 -. 013Me -. OS"OJ - .059303

.94~23 Ym70 .18500 A~766 .. 06409 .16*1 .118N9

-.51293 -.500003 -. 961.05 *.3ila -Ji5a49O -. 096513 -. 164.57J -. 113293

.8536 .57500 -. %230 -.i06gik -. A6369 .15783 .00900 -. 01584

-.66333 -. 933333 .1.590mi7 -. 53766 -. 69MJ .. 045653 -.271933 -. 194M86

1 .5 7066 .YFAO -1.52M6 -JAM69 -1.3"57 .15034 .o~e]4 .10566

.10"M5 -1.25=00 4t.271193 -.iM6I -. 936003 -. 071593 1164 -. 6.3

I 7 s .57[0 -3.1%w.9 -. 63177 -2-5M5 WO5i -. 05529 -. 2%A2
1.7 1.9 2933 -1 .666673 4J3 x~s3 -1.Or m '-10683W I -.09971 -. 0525 -.5 93r~ i

- 3w - 43 l~ am .3 -3M .96

03 03 03 03 01 03 03

32M .1.7 6119U .WM AWg1 .31090 .0966

_.06697 -. 1)7663 -. 025M. -.06006 -.031133 -217353 -. 14.6%3

.32M1 -39116 .11710 AM3 jam77 .2751 .03.gI4
.50

-. 173953 - J90J5WL -. 047183 -. 16125J -.0at65i -JsV~j -. 29,231

.32271 .32170 .11"D0 Xr7~u 414331 .18916 -. 11775
.93

-. 26991 -. 69326J -. Mm79 -M~233 -.i3ni1. -. n653 -.4.7s713

.32M71 wm79 .10602 .25511 N2~5 .0164.9 - J&2090
1"25

-1.3W86 -1.06M19 -.1211 -1.15373 -. 209733 -1.0561473 -. 700963

OM27t .07997 .10120 .23521 .366W0 -.23A~ -. 853W
1.67

-. 579M2 -1.514.201 -. 166173 -. 56*3j -. 29e103 -1.37669 -. 9072.6



e w.I 2

,&Soo YPAO -441060 -1.425693 -3AMM IA*g -.21.372 -. 66

..2.3916j -2.00003 -3.18&uj -..190'36j .1.0%&I" -*4250j -. 61948J -.43751.'

.4&3J -. 33J-3.12" -2.50151 -.49172 -.Z29J ...953m9 -.2&j -70W &5036j

-. 0220 .350 -11637" -. SA75 -9-15.730 OiO .. 2 -. 889171

3.1.

3-5 -5.]0osj -3.700 -3.X7 -2JRM55 -.06972 -.S.0 .2.043m) -. 71793J

0950 -25.A90 -5.9053Ia -19.&R"t op3m8 -1.197 -1.8940

-s.~.2j Ji.666j S . -2-68MJ .&ia%" -. 3099j .1.12M74 -. =326i

13&-& 095%AM3 .2=S6 .34%86 -4J9270 -1.2955

30MI Mich1~ .0"63 - .9176 3.5L54 -. "M9 -2.1233

-A6973 -RJa&Wj -. 2%65J -. SIMIJ -47313J -1-9W" -1.2696

5.3 -1.199633 -3.479ta3 -. 355653 -1.195M -.67=23 -2.4M233 -1.5658J

.~ -.u.U .06M .1m .2"" -4L760 -5.?

1.-n459j ..I,.0919 -.Z.0591 -l.33DJ -. 773413 -2469570 -1.6egij

-140%j -4-51001 1.09s ',.66173 -4.90953 -1.oIuJJ



e =-23

-/ a hva L I 1 L T h

-. 8860 .37500 -37.7660 -. 56o6e -29.3073 .06792 -1.8L4296 .2.76756
5.00

-7.27603 .5.000001 -2.940J .3.22740 1.66713 -.37602.3 -1.28413J :u27

.1.%450 .37500 -61-437(., -13.~4%w -47.7489 d0Iav2 -3.06627 4U.
6.25.

.9.53503 -6.25001,4 .1.lM3 .4.03.253 4.1206l -1*9277 -1.47WA5 -.9m757

t.coeo Y.=70 -114.1*92 -24.02439 49.1931 .01025 -5.081I5 -8.29W8

rJ385wA -9.333333 3."a2D -5.3769 9.434.91 -.69450J -1.7275.3 -1.09977J

J41..0 .37500 -169.3W6 -3.65437 -3.1 -.0327 -a.E143oi -12.05677
0.000

166100 .10.000003 7.82003 .64.548 14-55&3 -. 9%90 .:.s69q73 -id5R47i

.3.0100 .37500 -M724100 ..J&.22316 -212.6328 Zý_ Zý3 ~.13.96936 .19.1955

-. 51003 .12.590003 16.11503 .4.06M j l3.3Ag ~ iJý .2.0096 -1.172553

.3.7530 -P"0 -499.8530 -96.59096 .39.1161k -.0802 -25.72362 .34.81994.

-67 29.753333 16.667 -_3.21 10.7158M1 1.0.3682 -1.536WQ4 -2.09392 I.1.0749

LT/ t £ N____ -s -s -a I& ?a

.3=24 -1.0437 .033 .06569 .15090 -5.4707 -9-3577
5.00

.1.7,n5J -5-71OW. -. 55016J 4.o~761.3 -1.10199J -3.25133 -1.9047J

.RM7t -IJ4C40 .02269 .01115 .0611 -9.0545 .14.9709
6.25

.2.174313 -7 JAM~ -. 7164.33 -2.36633 -1".3603 -3*73WD, -2.17253

.32M7 -1.9196 -.00193 -. 06693 -.0180 -17.0671 -n-3~06

- 4.08990 -10.54693 -. 9@W45 -3.266593 -4.034593 -4.259"j .2.30013

.32z&1 -2.26m1 -.01994 -.119M6 ..09528 -25.3920 -39.9686
10.00

-.3.4*76903 -130.0595J -1.20M2 -3-.'43573 -2.519303 .4.51703 -2.27013

.3W74. -2-7107 -. 04a281 -. 1867d 4.106 10.9M5 -65-474s3

-4..833 -168873 -1-531M3 I5.063M)$ .- 266. 4.68633 -205243

.32Mfl -3.2939 ..0m29 -. 79 .26316 -75.4307, .14S
1.7 -5.79617J -23.3356J -2.065153 f666I -4.50'161 -4.53231 -I.YAM~



v/b K0L he

1.0000 .37500 050M0 .10"45 .12490 A2490 *104~15 .0"j2

013jo 0i 03 03j 03 03

.9d.B .37500 Ja179 .06076 .Qn§4 01*32 010118 oe0936

.. 25193 -. 25000J -.49(423J -. 14~303 -.191W1 -.009553 _.062233 .. d2243

.0.42 37500 .18580 AIM05 .. 09065 .=?I7 .0923 .014~51
.3"j

83 .0"333 -.50000 -1.,1405j -.26657 -.376Vj --0M~J .-.3.f3 -...613m

1.5 .7036 .3750 -135z0 -.1553 .1096M .11N6 .07*3 .. 09Mi

1-.83533 -.433333 -2.27119J7 -447759 O..5636L3 -.033513 ... 20~.w .. g3~lj

1.67 5%M .1.2000 -3-17490 -.71g.1 *.76.64 .05%1MW -, .3)3573 -. 129M

-- 1.23 -. -eO4 9,5 -- *.~ -- 03 -" .U

P/ is Na ifs hP

.2M%5 .3735 .003931 .23M9 .37353 40657 .00303
0

03 03 03 03 03 03 03

.267 .3W13 .05%m9 023Wk .3724? "71W .06516

-. 09W57 -.18333 -.035750 -007129s .. 033SIS .4*6053 -.117M6

mm5 M03~0 .06"? .2275 .36637 AM75 OW0SA

-4S7133 -. 303s'J -.037733 --WASi -.0636 ..371%3 -.23M46.

02*57 .2"( M097W .2191 W j35% .1M3 -. low8

.. 32113 .46WA -. 06371.5 -. OUAWa -.1UV*6 --6204~ -.30"J3

.MR65 .15M7 .0P5&7 .20%00 IM3u1 .006 -. 30

.. AMM83 -1035663 --097303 -.37165 -. 171.613 -.903W, -. 56l01

.67 .2657 .03M0 .070904. .19030 .36.16M6 -..7765

..A OJ77 -1.1..273 -..1361A -. 503173 .4 39p 1 m - SW



e .2

v/b. Lk Let pg L___ I ____Ta

?p.oo .3972 ,37500 -4.8860 -1.3926 -3.69996 .10206 -. 10011. -. 2969
-2.3916J -2.00000J -3.1360J .1.11426j .. 029973 -. 090713 -.1.6733 -. 30691

2.50 .1752 .37500 -8.1375 .2.23490 -6.05666 .0936 .,223I7 -.1.937
.3.1250J -2.5=00 -3.5"15 -1.143auJ .-.67NSe .u .. "s96 -.3713

9.94 - .37500w -11.711. -5-133W 0 .66488 .0"63 -.35912 -. 70075

.jO3J03 -299411$J -3.73963 1i.68566 -445803 ..Ua43W -. 653613 -4861JA

-. 1990 .37500 -15.473o -4.0%n2 -11-41763 mm95 -. 50171 -. 91sw

-4.143331 -3.333~33 -3.7'2J" -1 .910.41 -.C.Ol7j -.1Aln63 -.72326J -a.468W

-. 39 .YM -37900 -20-0337 -5-15M8 7-14.76%93 .07256 --. 674.70 -1.153W5

-9.1094 -3.7"S00 -3.6i.73 4JJ.VfAw .366003 -. 193763 .. 79203J -.*09M3

-.9"m .37500 .15.3190 .6.39343 -18660031 .06603 -. 71 1 .&2a
4.17

5-ft8a-i ..k.1f73 .3.5256 4g.38863 .88873 -.220913 --S5a4 7J -- 54791)

vr/bo ut ____ T 9 bPzI

* .S69 -. o772u o066s3 J17699 .29877 .-382146 -1.16861

2 .00 7425M -1.78i.1J -. 16070 .. 610091 -. 296631 .1.393163 .- ýW1Jd

I .28657 -. 2434o .06053 .15639 .27121 -. 79&73 -1.e9663
2.50

-.935653 -2.336ia3 -.204714 .-7762.63 -. 367593 -1.60937j -1.016W63

.2%"071 .0.9L. .jZll .24677 -1-2233 .2.6s912
2.4 -90" 2e5563 -..9,491 -. 925103J -.47197J -1.93141.6 -1.149061

." 020 .05004 .12207 .22531 -1.69457 -3.50917

.- 24~753J -3.31520J -.280513 -1.059633 -.5L4987J -2.1 39J4 -1.25s93j

_____ .. 65829 j -"n im .09 -2621~ -4_49_66
I14.O3.S -3.81l9983 -. 3290%J ..1.203303- -.633593 -2.32U~j -1.35 35%



e_2 VV--26

V,/b m L. i L.. Tb T T

-. 860 .37500 -37.7660 -9.25235 -271.95571 .05336 -1-34~728 -2.187785.00 •

-7.27603 -5.00000 -2.84601 -2.45656j 2.19023J -. 2759M3 - .9" j5J -. 61456J

1.3450 .37500 ..61..370 -1.51536 -45.-40227 .03595 -2.a4512 -.- 50625
-9•.5•.0 -6.25000 -l.12-I8 -3.582063 4.701933 -. 361661 -1.1299W3 -. 69368J

-2.0020 .37500 -1.14-4920 -25.8E.0 -84.165530 .01103 -4.25750 -6.1.332
-13.4365• -.433333J 3.24•20 4•.77606J 10.06292, - .5C9723 -1.32653J -. 78101J

.00 .1.4 .30750 -169.•40 -37.321.5 -125.72525 -. o0581 -6.33811 -9.38226
10.00

-16.64W00 -10.000003 7.8200J -5.73130J 15. 1i65, -. 63116j -1.bz49.j -. 819213

-3.0100 .37e5 -272.AOo -56.37396 -.20.605o8 -.02720 -104.733 14.91006

-521.51003 . 12.50000oo 16.1150j -7.161.3, 23.9633W -. i81567, -1.56301J -. 83512J

16.67
-29.7333J -16.6666731 32.-8=. -9.552193 43.781,96 -1.127793 -1.65406, --77855J

•2"7 -1.0366 .03U• .o0579 .13961 -.44596 -. 2499
5.00

-1.8713J -5.4.09j -.43953J -1.64753J -. 902443 -2.d4SO. -1.59941

.26657 -1.3800 .01742 .015.1 .082M6 -7.3955 -13.1619
6.25

-2.33913J -7.1302J -. 56064J -2.10022J -1.182633 -3.25063 -1.74903

.26657 -1.8710 -. 00122 -. 04553 i .00119 -13.9759 -23.?655.33
-. l1M3J -10.04923 -. 76809 -2.s67514 -1.666783 -3-.75623 -, 86143

.28657 -2.-Vo4 -. 01o 3 -. o6671 -. C53" -20.7794 -34.9790
10.00

-3.7426J -12.JI323 -. 9.6283 -34..8701 -2.6386j -.4.0201J -1.84753

.2"6, -2.6251 .. 04t -. 1,9w2 -. 12366 -33.5625 -55.4572
12.50

-4.67825" .16.o0o50 -i.9gotg93 .4j.126733 .2.66789j -4.23"63 -1.692,1

.28W7 -3.18w7 -.0500 -. 20793 -. 21599 -6.7722 -100.1630
16.67

-.o.'.37661 -22.2%.M -1.61719J -6.0oo0o0 -3.6"783J -4.2457 -1.16093

-_=.-.1 _,_,____ -I__,,__ -- ________



e =.3VI-2?

Lbb w L L L0  TirCT

10 000oo .37500 .50000 .07740 .09064~ .090E6W .0t'402 O020~10

03 01 01 03 03 (,3 03 03

.37500 .4.19 '0U3 C 4096 .090232 .075306 .069

25 -. 25191 -. 25000 -.b94a23J -.123513 -. 157894 -. 00674~7j -.da54I)J3 -M.025533

.94~23 .3750 *16850 I.026 --11016 .009094, .0S68L4 .005125

.0 -. 51293 -. 50000 -. gv4or. I -.247oi3 -30929J -.o1574J -- 090743J -. c5693e3

.8538 *3750 -. 39230 I-.19670 ..47905 .09672!- .053765 - .022188

-.5833 -. 83333J -1*59U73 -.41167J --4S73CJ .. 02366413 -. 250020J -. o.9574p1'

-- -~ I -.- 7086 - .750 152280 -. 5)393 -1.23)6I4 I .889 .~i -069
1.25 1-IT3 - . M3 031 -7M

-1.3653J -1-250001 -2.27119J -. 61753J -. 601813 -. 0571113 -. 2218403 { .137736J

. 5407 37$00 -3-174~90 .1.0-914! -2.33726 078136 ..040C49 .13

.9 93 -1.6667j -2. 830X45J -. 923 33! -. 63236 1 -5 673 29 4 N . 7 ( o

-24701 .31192 .05700 f .120 .31192 .24701 -057'-0
03 )3 Oij 03 03 03 Daj

-25 1 701 .30111s .05611 .1e013 .3lQd .23924. .UA0514

-. 096691 - -177973 -. 01457J -. 063793 -. 025,033 -- 25539J -- 09C7'191

.0 .24701 .27?115 .05591 o17715 .30619 .2157 -.0905

- -. 1973I3 -3&245j -. 02933j ,j.I~a2 2  -.050961 -. 310j31. -. 1m0rij

I --- V1 - 54266% 
3

-. 32E953 .. 624213 I-*., 9 i40J -. 2156eJ -. 07773 -. 512,33 -497%43

1.67 .2I4701 -. 012265 .U83) .L.S"5 .26626 -. 11914 -. 60

-. 657903 .1.3)63363 -.14~1893 -4.L26 -. 19271J -. 9M6976 ..5E;51



e =03 1

vib'3. __Lb__ L CT L T I

*1,n2 .57500 -4.8SO 1.01( -34W362 .0ma~9l .68 -. 39
2.00

-2.3916.1 -2.OOOLOj -3.18603 -.9680413 -.56192J ...OUM071 -.%AW7J --21017S

.1752 .37500 .01-1575 -2.38970 -5.70M5 ."385S -15t1c -. 3m01

2.0 3. 1 L0j -2.50000J -3.5C6254 -1-235053 -. 33075 -.Cg371 9S -j417353 -.25Y343

.0220 .37500 -11711,0 -3.33731 _.16U, .063M6 -awn96 -. 5wi1
2.94s

-3.8053J -2.9U418J -3.7396J -1.1.53003 -. 061"3 .-.119W43 - 448893 -. 268333

-. 1950 .3750D -15-4730 .J4.30"6 .10.75713 .05662 ...yMIL -. 7"60

3.3 .4.4333J -3:333333 -3.7W27 -1.646"13 M2235i -. 1187693 -. 530533 -. 310953

35 - .3798 _ 7500 -20.0,537 -5.147363 -13.91200 .053674~ ...47269 -. 90635

-5.01 J -3.750003 -3-6847J 18 8 .756V43 -.136953J -.56156J -34L4503

55.37500 -25.3190 .64757f -17-5993% .01.906 -. 6UM,2 -1.13a0M
4.1 -5W -4.16667J -3.52563 -2.0584.3J 1.p961,.4 -. 156oe93 -. 630953 -.37065J

I p

.;&71 1!405 .G459, .1%r6, .253Ce -. M -t -1.077
2.00 -7eU j .':.69W053j -.12372 -.53M.71 -. ;ZYI&:,.3 -1.1667-91 -. 656614

-.401 2710? j .,158 .1232 .2Lz95 .. W25 -1..672M6

2. 99W,44 -2.20931J. -1 .57el3 I ..6MUii -.3916,11 -1 JaS67531 .489653

_ ý .24701 -. U0295i VZ5-o .21933 .. 9666201 -2. YA 8

.03436 .o?729 .934-C*?

-1.2'..560j -3.i32c36S -. 214&j6 -. 929M3 -. J4o,513 -1.?m33 .971.i03

-t-&J I-3-ew9~37J -. 24VIS. -1.05m11 -. %5759J -1.Q60rZ? -!--05139i

4M ~ ~ ~ L~~ -645 -415D 27 36, 11x70 .5M071 4,1215dj -1.12288,1



La La v T hT a

-. 6660 .37500 -37.7660 -9.79110 426-P5& 0401ii4 -,947-I4 -1.66603

5 .0 -7.2760J -5.0060003 -2.90i6 J -2.47010J 2.63963 .. 24~9241 F.c2OOW -.. 15741

6.5 -1,3450 .3750 U4.4370 -15-.Ua23 -U-12.S49 .027818 -1.518l9 -2.66116

-9.5W50 .6.25003 -i.iaJ -3-06763J I 5.17803 -. 25U.L3j -.8%.993 -. 469351

6.3 -2.0MI~ sm75 -11.9"m -W7.33260 -M.0650 .010217 -3.00323 -4.S5065

.13-4303 -8.333333 3.-"UJ .4.n16wj 10.52533 -. 360017J -.96615J -. 5278J

0300 .9.100 .37530 -169,%W -118.6&47 -. 001678 -4-47273 -7.0p.313

I6.EWJ 0EC03 7.82003 -4.g94=~J 15-59633 -J.w5m85 -1.078113 -. 555063f, T3.0100 .375U. -. 2721g0 -61.6C*60 -191.FAS ...0167M8 -7.23386 -11.04V.3

.51003 j.I2.3=003 16.11503 -6.175n53 4.23693 -. 576253J 1178 . 3

-37 10 WA50 14M9.8530 L -579,60 -351.739 -. 036693 [.-13.3M70 -20.29972

.733" I-26-"~73 3RAM _64_233W6 4.0-71381 -.796556 .1.-26671.3 -43M79

.1b __ _- it__

-5-1417J --334 -1-4399- -. M j- Z43

1.1 .24701 1.31452 .0L?61 .06 .07391 -5.9073 -11.4096

4MJ713J -6.73600 -. 4L2563.3 -1.2 -*d -- 6I -1.363-0.4

-3.9503 .94.965 -.581~3 -24.8313 -1-33510S -3.22c43 -1.4516.1

-24701 -2.123 - -. Ow77 -. 03%9 .16.6296 -30.1sy5

-3-9147.40 -U.75WJ1I -,MI -3-01Z53 -1 ~AS23 -3.471.0.1i 4~~

.214701 -2.5218 -. OM89 -. 1003-, ..0865&A -V2.8-7ck -47.7125

-4.9"125 -15.20033 -.8974 -3,8154a3 -2-137132J -3.7126J -1.-31.66J

.200 -3.,4 -. 329 -. 1254 -. L036 -0-494701 -6.126e

.6.579003 -21.021)4i -1.21655w -. 1M - .95&j .28 -63



e=.4 vi--o

T/ (a Lb N L or L Th T o T

1.0000 .373W0 .50000 .0575 .o238 .062300 .057752 .011070

oj o0 03 Oj ol o. o. o0l

.9gl, .37500 .W179 .03oM ,I .01666 .oS21o6 .O56,U6 .0062M5
-. 25191 -. 250003 -. 49423J -. 103923 -. 12611, - .o J5.233 -. 03110J -. 01821O3j

.50 .94 5oo .8580 -. 04436 v -.a2mo .063343 .o.teio3 -. 000147

.?oJ ..50000J - M..05 -. 2M58 -rz.a5733 -. 009222. 3 .0621,28J -.0328

3 5 W05975'1 1.88 -. 020303

-. 80331 -. 833333 -1.59487J .346391 .36s5a3 -. 0158t2,I -. 1027303 -.0596761

1.5 .708 W .37500 -1.52280 -. 58C44 -1. 1UA8 -057W6~ *0213e2 -.060230

-1.3653J -1.2500 2 ... 27119J -. 5961J 4"j' -. oM9073 -. 1519201 -. 097653J

.%1W7 .3750 -3.1-l190 -1.W7681 I2.18647 .o•l22 -. 00•22 -.127034

-1991 -1.t667 -2.eA053 -. 69293J -.436173 -083 .1~90003 -.11,~m

Y/b.4  N2  L2 ~ b pa I
.20785 .25231 .036367 -13515 .25231 .20M _

0
03 03 03 03 - 03 03 03

2078 a-3 .036186 .1337 .25113 .20181 .02219 1
.5 oj oL o0366 o32 o .1 83o7 o._.1921!.j 1.6641,3 -. oza8i --. J~ -. o0 ! -. I j z-" -. 067576

-. •22S 53MJ -. 0•8573J -. 11130J -:.o09631 -*S.13 -. 13465J

-. 34o 37 -.5836,• -. oW3.4 -,•*P* -. or,26 e _J4-1.49 -- 22134J

-_,5o0%j -. 9153oj -. oy~goj -. 2195I -.,o701 .•zzt -. 3296

.,-785 -. 05117 .030911 .11170 .21682 -. o76121 [-.6102

1 ./0-67 -1 0 -. 0755220 -. 419251



e =,4 VI-31

/b ca v L or U L Th T b T

.2972 .37500 4.8860O -1.57601 '-3.26105 .05152. -. 03909 -. 17493

-2.3916j .-2.00000 -3.19601 -. 83138 --. 35445J -. 043o01J -. 23502J - .13369j

.1752 YI7500 4.1375 -2JO500 -5.32272 .04 7547 -. 09755 -. 28300
2.50 _31250J -2.WAXUo -3.,"j5 -1.03923J -. 11sad. -.056197J -.26623J -. 16118j

-. oZ2 .3M I-:u.T.h -3.47548. -7.60897 .1"o005 -. 16165 -. 39997
2.94

-3.8M5j -2.9411*3 -3.7396J .1.222623 .2162o J -. 0664.19J -. 32863J -. 18335J

-. 1950 .37500 -1514730 -41,61*7 -16.02-1 .*0494 -. 22944 -. 52097
3.33

3-3 -44L333J -3.33333J -3.78M2 -1.3s562j .5934.2J -.0797113 -.36U.3J -. 20153J

-..... .37500 -220.03•T -5.6M59 -12.96651 .037571 -.--3115 -. 66700
3.75 -5 .•5-1064J, -3.75000J -3.6047. -1.55514J 1.o9162, -. 00,181.8 -. 39952J -. 21910J

4.17 -. 5520 .37500 -25-3190 -7.03322 -16.I53 .0o375 -. 40647 -. 93269

-5.e21.23 -4.1&6673 -3.5256J -1.732063 1.614643J -. 101471Z3 -. 43386J -.-23565J

V/be m L T p PPz z j z cc n 1 0

-2a.207d -. 14999 .02921 ,10437 .20573 -. 20834 -. 90132
2•.00

-. ,16,i -1.560253 -. 09153J -. 46255, -.1s6li -. 94637J -. 0goo02

.22.55 -o2907{ .o0257 .09303 .M56 -. 45960 -1.4436b.

-1.o2uo11 -2.064Qh.3 -. 11603J -. 55511J -.1 ,J -1.150503 -. 59699J

2.4 .2078i -.142%9 .02423 .027 .1733 --73996 -2.026912.94
-1.23130o -2.5435J -. 138• J -. 69L943 -. 291 -1 1318(4 -. 66363j

.2M'65 -. 53729 .o22wi .o74i,. .15997 -1.02643 -2.63.)L3

-1.3611.7• -2.92932J -. 157M73 -. 793W79 -.-342583 -1.45922J -. 72520J

.20785 .. 65gA1 019 4.m67 .146 1388 3113.75 
L

1-I701$3J -3.61-t.¶31J -.20cwJ -1062 -. 4.5005i -1.73113J -.s3659Jj



0 "'.4 v-

v/bco I ma LN( L Th T T

-. 8W60 .37500 -37.7660 -10.1533 -2."855 .028470 -. 63027 -1.21930
5.00

-7,2760J -5.ooooo3 -2.860,3 -2.07"85, 3.0023 -. 130SM, -. wi-52 -. 26431u

-1.3450 .37500 -&.4370 -15.9869 -39.9469 .020217 -1.05 58 -1.94111
6.25

-9. 5350ý -6.250000J -1.12"J -2.59813 5.5299J -.171439J -. 579733 -. 29845J

-2.0020 .37500 -1.4920 -.283039 -74.7464 .009404 -2.00980 -. 52564

.13.14385J -8.33333J 3.94~20J -3.46411 10.79303 -. s1.24W -. 682291 -. 336451

-2.446o .37500 -169.3ý60 -40.7663 -1104..178 .0004U -2.99610 -5.13656
10.00

-16.6o001 -10.0OOOOJ 7.82003 .4.15693 15.74873 -. 2991873 -. 748103 -.353451

-3.010C .3750o -272.4100 -63.7610 -178.6972 -. 009719 -4.84917 -o.131
12.50

.- -2.5100$ -12.50000= 16.1150J -5.1961•, "- -. 1523J -. 3967503 -. 82113J -. 361503

-3.7530 .37500 -499.8530 -1133978 -38.6900 -. o23o79 -.. 9386o -14.66661
;6.67 -26.7333J .-16.66667J 32.8222, -6,92823 40.104•s1 -.54605.1 -. 89102 -.-33994J

V/b c#~ w .T hNX?

5.00 .2-?935 oi396 .03o,6 .lo657 -2.7491 -6.116o
5.00 

24 -1.22260J-2.0"-20J -4-.5076J -- ,"-d44 56, 1.26J ,•224 -1.-9704J .9L•

.20785 -1.2972 .00851 .0154j2 .011 -.5782 -.9.7o45
6.25

-2.5575.3 -6.3003J -. 31053J -1.55072J -. 736,J -2.2753J -1.o01U.

.20785 -1.731s .o0D70 -. 01813 .A203 -s.6779 -17.5651
8.33

-3.40367j -8.8795J -.1.265j -2.1O463J -1.03843J -2.6"_9j -1.0936J

.20785 -2.0246 -.00457 -. 0A -.01397 -12.9167 -25.5557
10.00

-4.081"OJ -10.'•410 -. 51328j -2.55181J -1.28592J -2.896 -1.0o962

.2 O7e -2.3973 -. 01127 -. 06959 - .05756 -20.807 -4.o.3,.,j
12.50

-5.10550J -14.2127J -. 65-00 -3.226o01 -1.66214j -;.130j -1.0251J

.20r85 -2.8382 -.02cir -. ::753 -. lILLI7 -3..5ý 7265
lt.67 - 1 -4. 807.35, -19.6&6j -.87923. -4..55143 j-2.•29758.3 -3.298.1 -.75r6 3J



e =.5 VI-33
(

V/bI va L L T h ?ab To

0 .000 -35 .5o0000 .x35567 .A .040M .035970 .0053900
o, 03 0o1 0o 0o oj 0 03

•96W .50 .1M/79 .01003 -.00142 .039909 .034990 .00343
.25

-. 25193 -. 25000J -4.h4233 -.o0333J -. 09630J -.002633j -. o19v77J -. 0106391

.9423 .37500 .15580 -. 06751 -. 12•06 .o39431 .032335 -. o02461

-. 51293 -. 50oo0 J -. 9"oj -.. 66663 -. ,s622J -. 00577oj -. 039905J -. 02i205J

.•538 .3,500 -. 38230 -. 25126 -.43643 .036435 .%5944 -. 016548

-.S.333 -. 83333J -1.9l.Bj -. 21776j -. 27137J -. 009957J 0.o66ooj -. o03904J

-.706 .-37500 -1.5220 -. 61022 -1.07407 .0oY' .o0I3113 -.0"0/1/10
1.25

-1.3853J -1.25000, -2.27119J --.1665J -. 30907J -. 0155s8•3 -. 0o7638J -.051253j

.507 .370o -3.1740o -1.1127J -2.0131o .04913 -. 005472 -. 083934I1.67
-1 .9293J -1.66667J -2.83043J -. 555541 -. 25851J -. 021705J -.1Z?96J -. o66o09J

1rb L, T__ - P. P. __

.16666 .19550 .021320 .0952 .19550 .16666 .0213100,
, 03 oj o03 0o oj oj

.IA6* ,.1e8 .021206 .09460 .19i~e .16i16 .9O,2
.25

-. 1030 -.15338J -.00765 --.-. oP1-j -.014s5n -.07UJ -.o4752J

.5 .166 .16036 .02WZ•I5 .,X51; .19217 .1485 -. 026

.2067r1 -.3123Q6 -. O01t• -. 091¢Xj -.029%83 -. 194573 -.0946J

.166 .10U" .ComJO .090o0 .187 .U51M9 -.11183

-. 31omi .O537 .. ASJt .157611 -.0509W -,.N170 -.155Jj

.16666 -.0=6 .ou3 .50 9OM . .05=0- -. 2!49M

-. 5•1a -. 44M -.o3)M -. 23%33j -,.o79MJ -.456%J -. 22767J

S.o"l .olauo .0798 .16901 -. 0~4526 -.51929

-. " i -. 19a -- 02 --321073 -. U26J -. 62267J -.211470



e =.5 v-

• Lb m or L c x T I T T

."972 .37500 -4.8860 -1.6183 -2.997M233 -. 02472 -1aL
2.00 2.00 j .. " -2.000Q0j -3.1860J -. 66691 "?053 . -151! P

2.0Y55 .700 -4.1375 -2.%4.51 -4.86830 .0079 -. 06130 -. 1990"
2..50

-3.1250o -2.50000 -3.625 -. 633301 .121.3 -. 035156j -. 253 -. 094491

-. 0220 .37500 -1U.71 -3.54313 -6.99725 .0285•3 -.00154 -.21990
2.914.

-3.•oj0, -2.9U1S,1 -3*.73963 -. 900353 .4.67,1 .. dAU)9 -. 211"93 -.10713.

-..195- .!17500 -154475 -,..M7 -9.20679 .0266, -. 14.32 -. 363P
3.33

-4.43••3• -3.333333 -3-.782M -1.111063 .85627j -. 019 , -. 2%783 -. 117753

-. 37m .37300 .2D.0337 .3.7767 -11.4M93 o24557 -. 19513 .... 6130
3,75

S -5.log.3 -3.750003 -3-6d473 -1.249953 1.361503 -.0574.69J -- PM72 -.126013

7 -. 520 .3750O -25.3190 -7.9s296 .15.05940 .0226W -. 2%M -. W737
4.17

-5.8242J 44.166673 -3.5256 .13ia .91862j -. 069.%W3 -. 27996J -. 137673

.a6666 -.. 7.0ol1S .0740 .1o4 -. 14YA -. 761794
2.00

-. ,2700, -1.1,564,8 -. 064.073 -.59m53 -. 1379eJ -. 73507 - W.blj

:16666 -. 30693 .01566 .0662. .14792 -. 33" -1.22M. 9
2.50

-1.033753 -1.903133 -.08101.3 -.1.89713 -. 1,02,1 -.891o6 •-.1,ioj

.16666 -.469 .01143 .0o932 .1365 -.53769# -1.696
2.94

-1.21613J -2.317?.,2 -. 09619J -. 580653 -. 21%1,W,3 -1.02643J -4.666

.16666 -. 53226 .(1)= .05325 .12699 -.75W14? -2.20060
3.33

-1.37F35j -2.690 -. oW -. 66230 -. 25566 -113 -. 510101

.1.666 -. &6Am .018 .04675 .,,593 -i..17_2W -2.60507

-1.55063) -3.12• 93 -. 12UO -. 1,3. -. 29459J -1.Vs6I -. 55103J

H4.661-796 o16 -1C4071J ."uoi -I.3g -3.AJO

.3mi .335"



VI-35

mw3-750 4-57660 -10.301,6 -22.5053 qoIW83 -. ý03 dj63
5.00 

W4-7.2760J .5.00000.) -2-801o -1.6666J 3.26113 -.cOM55J -. 32037J -l..2j

.37500 ym .461.4570 :16.1165 -36.7363 .013699 -. 6609W -1.33959

-9.53503 .6.25=j0 -1.1IS3 -2.063)3 5-7324J -. 1072a69 -. ,%73W1. -. 174NJ9

2.O 37500 -114-15M02 -26.6772 -66.7S25 I .006308 -1.25779 .-2j.wL

-134.355 -6.333333 5.~A20 -2.1777 10.8258 -. 1511433 -.L.1410 -. 196713

10.00 4.LJA&6 WW310 -169.Y4.60 44-131141 *'102.C100 .001313 J-1.674690 -3-052668

-16.64mi0 -10.0=000 7.u003 -3.3323 15.59w6 ..1I72Cj -165072 -. Mull1

. 3.0100 .37500 472.1620 -64.5735 -16164ý91 -. WC032 -3-C34.37 -5-557M~
12.50 -ZW -12.9ooWJ 16.11503j 4.16.66 23.6352J -. 24.1987J .. 5"96 a.lso8j

1.7 -3.7530 -.37W0 -499.8030 -114..8252 -3.31.630 .- 0.03391 -5.59310 -10.023L0

-29.7333i -16.666671 32.8222 -5-55533 38.91.061 -. 331.500 %.51923J -. 200053

-vfb~i w U Ly T ps Pa

5.0 .6666 -. "A3 .o0009 .02M9 .06674. -2.01.0 -5.071

-4.067503 .J4 1 1JO -. 169053 -1.ols1kI -.41959J -1."j25 -065133

*1666 .- 1.306 .oo~. ~ i28 .002 *-4.05 -4.036
6.25 U 6 -- 36"A -674A

.1666 1.627 0074 -.0101 .M238 -6.4&i7 -21l.4018

-3JAWM3 -4.19423 -. 29073S -1.73&17J -. 774971 42.103i -.771.7

000 .16666 -1.9031 -. WM1, -.0258 -. 003M2 -9.6260 -21.06eo

-4-13"003 _2-1013363 -. y5Uj -2.101.223 -. 999601 -2430573 -.77973

:166 -. " _ Q -.01.5WW -. 03"57 I 15.5716 -33.2175

-S.IGW6J -23.109M -.60101.3 194 1 a~i _-M

.166 -2L4g -.02.125 :1,M721 .076 -28~."6 596

160.67.~61
_ _ _6 6 9 w II~ 7 0- 6 1 h 5 5- . U ~ j - . 0 6 .



../b CO I m L cr ... Le T h Te Tp V
i.0t .375 .1 i0i: oL>26 .0232-, .023 __:_ . __-.6o .002230

0
oj oj oj oj oi oj oj oJ

0o36 .0273 .0006.9•48 .37500 .4m79 -. 00420 -.01367 .023123 .02o763 .0oo96.25 --. 2519J -. 2:50014J -- I.(.--76 -. 0b6uJ -. 001602J -. 0U574J -. 005505J

.. 50 .9423 .37500 .A560 -. oS0W -. 12639 .02253 .019262 -. 002t50

-. 5129J -. 50000J -. 98W05J -. 12552J -. 131623 -.-)032623 -. 023119J -.010973J

• .538 .37500 -. 38230 -. P6166 -. 40325 .022290 .015648 -.0n97

-. 33j -.83333J -1.594673 -. 20919J -.113505J -. o0561SJ -. 03S23S -.()180J

S.70ý .•.700 -1.522k0 -. 61537 -. 97216 .021368 .095 -. 029897

-1.3853J -1.250o0J -P. 27193 ... 31350J -. 13365J -. oo0 .o81 -. 056595J -. 026509J

1.7 5 0 3 5 0 - 7 9 I U 5 -1.is13 10 .020299 -.002112 -. 5 fl
1.67 1 .929J -1. 6667j -_2._____ - J_1_4 IJ -. 10336,1 -.012270J -. o0121 -.01.1

v/b ca 9 KL T2  xP o

-.12552 .1U.38 o011o12 -r-6177 .11.238 .12552 .01104
0

oj o0 o0 oj o0 03 0

.12552 .iow .0109e9 .0613$ .14176 .122335 .00o1.
-. 10ols63 -.1A.7J -. 05oW -.03803J -. 01021J -. o7o96J -. o3o79

.12552 U.O66 .010640 .06049 .11v" .1 -.07U

-. 20372J -.2200j -. 010049 -. 07627J -. 02078J -. 1l.73J -. 06134J

.125R2 .062oo .010551 .05852 .36• 6 .6917 -. 09630

-. 33953J -JOl )J -. o16847J -. 12T77j -. O35793 -. 23439J -. 10076J

.12552 -. 0177- .o100o .05M .1" .04355 -. 231931.25

-. 509303 -. 761641 -.02%glj -. 19297J -. 05U13J -. 34.6681 -. 1474.6

.12552 -. 11015 .009•t6 .05154 .12377 -. 0o2M3 -. W"
0.67-. 679)o?j -1.0607831 -. O •gl -.2591.13 -. o'85JJ -.1b51253l .-. 19d7J

_____________________ ________________/



£e = .6 MV.37
(

ma - -TAW] Lb. La= m• Lo Th Ta To
vI, k tXLtL

-.,,9"2 .3,750 -4.890 -1.60-50 -2.69634 .019W -. 01299 -.. 6.1
2.00

-2.3916J -2==000j -3.186oj -. 5023 .o022373 -. 0152o13 -.087703J -. 04dO•olj

.1752 .37500 4.1375 -2.52524 4.13946 .017973 -. 035675 -. 1290-6
2.50

-3.1250j -2.500003o -3.,=625 -. 6276oj .31324 -. 019875) -. 106960J -. oUA8M

-. 0220 .37500 -U .7140 -3.50332 -6.26238 .01672U - .056421 -. 180690
2.9k

-3.80533 -2.94116 -.3-7396J -. '738353 .661493 -.0g~wj23 - .122960J -..0553723

-. 1950 .37500 -15.•730 -4.50585 -6.2"tI6 .015620 -. 0,0326 -. 234010

J4&.4333J -3.33333J -3.78M2 - .83679J 1.o567nJ -. 0261963 -. 1364603 -.060653J

-. 3796 .37500 -2D.0337 -5.70637 -10.713W2 .014444 -. 109340 -. 296230

-5.100 4 1 -3.75000 -3.68471 -. 9"140 1.55085J -. 0394891 -.1L496303 -.0662063

-.55o .37500 -25.3190 -7.05236 -13.55010 .013349 -. 142950 -. 370730
4.17

•-5.Wa2j -4.166673 -3.5250 -. 2.09%19 -.03U7VW -. 16019MJ -. 0711W

v/be

2.0 .12552 -ism0 .oo60M 4.034 1 7 9 S 09273 -6179212.00-.-

I -. SAW$6 -1.324"53 -.014363 - 312663 -. 090913 -. 5 -A, 23113

.2.0ll -. 3112M .0O57 .0139 .10095 -. 22Wg -. 9785%
2.50 -1.02M0.S -2.7119J -.OFO3 -. )93•3 -.12,6iJ -. 6536 -.26732J

3 .22,M -. ,,]W .006M3 .03%0 .0)P -.JAUto -1.*M6
2,.94

-1.196m5 -I.a,93. -. o m -.1.6,e2 -.1 :•.1P -.7in7o -.30,34

.125,2 -.52.6 .0066 .03515 .o93.6 - .,5'1" -2 .7663

-1.35n3J -41.3JO -.-o736 -. 531073 -.179W -. 633 -. 33o051

.1,U -. 62M .006e17 .03103 .08647 -. 70652 -2.24.779
3.75

-1.S29oJ -2.8SMJ -. 079776 -. 60015J -. 20700o -. 91325 -.35'1j

.225W -.n"o ooW5 .0272D .0o791 -. 92 -2-79054

-L. 69Mr -3.20 3 °ý .1.9 -. 67014J -. -. "Io) -. 380o

- 27 7'. _



e .6

IL L T TO

-.. Fri .57500 - 76W -10.1647 -20.2599 .011225 -. 22212 -. 53952

-7."760J -5.0coo0J -2•.460, -1.2552j 3.390o7 -.cL62MJ -.l7o. -.o/oj

-1.3450 .-37500 -61.43370 -15-8.%4 -33.0905 .o0os36 -. 372U -.85,329
6.25
62 -9.5350J -6.250oj -1.128J -1.5690J 5.7502.' -. o6o643J -. 21793J -. 09013J

-2.0020 • .37500 .14.bL9O -2e.2710 -61.Z976 .P04127 -. 71009 -1.53I4"
-13.'-4%5J -t.333333 3 0. J -2.0920J 10.5678J -. 385%69J -. 26038j -. 10172J

0.W -. ,6o . 50, o .169.•.60 -40.-7Z4 -31.9g"94 .001304 -1.05896 -2.23391

-16..6400oj -o.0o0o$ 7.a-00 j. ,2.51,1C4J 15.0480J -.3od$ -,2746j -. 1OTO2J

-7.0100 .y75o0 -272.41co -63.6412 -U8.4198 -. OC2d& -1.T7U,44 -!-52155
- 12.50 -!

-21.5100i -12.50000, 16.1150J -32.13803 22.58063 -. 136804J -. 319011 -,10979J

1 -. 75No 37500 499.8530 -113.492 -273.17L5 -. 007-,9 -3.1t99 -6.2p144k

[36.67 9 333 -16.66667J 32.6=2 -4-1840J 36-7624 -.1891043 -.35325J -.104061

v/b. L ,

.12552 -. 09946 .00447 .01976 .00596 -1.4251 -4j-05312
5.00__ ___ _

- -2.037203 -4.0005J - .7 -. 910563 -.- f9W -.42264j

S-02W .00•3 .04736 -. -6.396806.25'
6.. .5 -1,.s2•7 .0 -J -. 1 _ MOM -1.3190j -.46-743
-2.54650 023125 -1353-.86

IlK-52 I -1.50n2 A0005i -. 00si1 1 C-1 -4.c;340 -11.5W834

3.395534 *_713888 -. 1&4582J 1.w805i .54a454J -1.5663J --5051A3

".125-I2 -1.7r23 -. 001009 -. 01500 .00275 -6.75•6 -16.6W07

.10.00 -. I -9.1i490o -. 223290J -1.66763J -. 6742,, -1.72033 -. 510.IJ

.12552 -2.0626 -. 002961 -.02757 -. 02o11 -10.9330 -26.26M2o
-52.503oI -11.8266i -.21t." .-2.10036J -. 7160J -1.5935J -.4851o0

,12-,52 -2.h709 -. 005579 -. %U-,2 -.05022 -2o.4192 -47.o0 7
16.67 .670j.i.2. .7 ____

.. -6.7 j -16. %0.t - W Y-2.F23953j -1.20M823 -2.0653J -. 577W1,i



e -.7 v39

I.

v/b( Lb L0c L cp UL Th T T

1.0000 .Y75o .500oo .o01r2 .g1145 .0M150 .010720 .CW007O
0

0o oj 0o oj 0o 03 0o 0o

.961. .3750 .I?.7 -. 01343 -.02028 .0o o03 .0o10 -. 000012

-. 2519J -.25-00 -.494233 -. 8 -. o31J -.000771J -.005706J -.0023o J

•94.3 .37500 .1855 -. 06589 -. 1174o0 .011274 .o958 -,002182
.50 -. 51293 -.-5.00941 -. 8o567j -.0829dj -. 001569j -. o01139j -. o001673j

.8536 -31)O -.-73o -.25762 -.356L5 .011003 .0060m0 -. 00732
.93 -. 6833J -. 83333J .1.551.57 -. 14278J -. 10%653 -.002733 -. 018957J -.0076973

- ---. 7-- .730o0 -1.5zm -.59309 -1.84806 .0105,9 .004529 -. 017.532
1.25

-1.386"J -1.25=j0 -2.271193 .2114181 -.07719J -. 004.239 -.027916J -.011296j

.%mo 1 .1-37500 -3.174/90 -1.06:42 -1.57826 .010045 -.000520 -. 031905
'.-67

-19 9 1.666673 -. ia,3j -.285573 .02370J -ooo5g• -.036",j --.01467,,

*/ w mar s s?

.0.567 o. .03520 .09.,06 1 i57 .0041

0o 01 oj o03 0o

.09567 .0o673 .001469 .03501 .o9367 .os365 P.00257

-.096613, -. L2?1D1 -. OO24j -. OM97t. -. 006531 -.0166J -. 01753J

o .86567 .06634 .ooLe7 .oW .092-7 .07" -. o2446

-. 193M23 ."53.6L5J -. 005149J -. 05o05J -.01327J -.09365j -. o03913

.05•67 .ca231 .o0i906 .0333e .0902o .062e5 -. o7657

-..Y20 -4.EE..IAW -.(oW9 J -. 097l0J -. 02o853 -. 154921 -. og739.*

.,a7 -. o956 .01423 .03156 .0o653 .03335 -. 17902

-. 48305J -. 665613j -. 0o4523J -..-I41.J -. 03583J -. 22 4 -. 00,392J

.0x567 -. 1..663 .o0U.36 .0299 .oIMS -.00938 -. 3235• .. 67 -..61.j -..- -. o0191,63 -.19623J -. Ww.990 -. m30053 -. 0oF61J

1 ___ __ _

z,/s'/



e .7 vImo

,/*bcao Itc t T

2.0 Om37500 .4.8660 -530 2N4 OYW -. 00576I4 .c449462
-.4.39163 .2.000003 -3.18603 -.3L.28 *15890J - ,7319i -. 043295J -. 017208J

.1752 437500 48.1375 -2.i40353 -3-822%. .oasq6 -.015j16 -.473460
2.50

-".12503 -2.500000j -3."625 -.42635 -452-M3 -.0095623 -.0526333 -..0273

-.m.37500 -11.714o0 -5.33219 .5.4655 .006323 -. 026662 -,102470
2.94

.3.8053 -2,94118J -3.7396J -.05039k3 .793613 -.0116.1. -. 060773J .. 02357i$

.019P0 .3750 -15.4730 .4.268306 -7.2o544& .00773 -.03s166 -. 132370
3.33

-4.4333J -3.33333J -3.7822 -. 371063 1.170W2 .0135661 -.0674.813 -. oe59,.03

Y.79 .57500 -200337 -5-42399 -9.vw60 .07. .05"1 .166350
3.75

c.5.1I4k -3.75=J0 -3.604?3 -am"53 1.637113 --.0156Me -.0W72.71 -. 02816g3

[ -5W2 .3%*0 -25.3190 .6.69632 -11.7995 .006701 -. 066300 -. 206870

-5J8gsPJ .4.166673 -3.52%j3 -.71W92 2.2WW00 .-017=43 -.0006733 -. 030269J

.00%67 -. 19599 .003025 .0OM7 .07947 -. 05364 -.. 6?614
2100 __ _ _ _ _ _

-.77268 -1.14.916J -. 0234-M3 -. 23&.2j -. 061863 W. 4_10j -. 12W46

.06567 -. 30235 .0o3499 .02495 .07272 -. 13r75 -. ?W"3
2.50

-.9~6103 -1.501563 -..095693 -. 297213 -. 09faM -. 4.33133 -. 15234J

294 .005617 -. 39701 .003209 C02250 .ov765 T -. 23026 -1.0309e
2.,4 -1.136993 -1.&Mak -. 0349763 -. 3"126 -. 09w.3 -4GSM3 -. 1722.03

.06567 -UO4.oa .002954 . 02035 .06315 -. 32U1 -1.3m02
3.33

-21.2M8133 -2.13022 -. 01,0171 -. "9559$ -.12167J -.55%t3 J -.18618

.08507 -595 .002M63 .01M5 .0"oI~ -1.1451. -1.1901.53.75 ______ ____________I_____

-1..49 33 -2J.45457J .~ O 1 -. 4n105 -13nm3 -. 606793 -. 20341.1

.06567 -. 65166 ."0~30 c.G191 .05392 -. 56216 -2.09503
4.17 1

-1.1073 -2.79e513 ...050M6 -.5035W, -.150651 -.6950WJ



e=.7 V14

V/w L I v L j L TT 7

5.00 -.d~ Yr 377 1 -96* .7L 005679 -(r -3"
-726J -. j -2.MO6J 67j 3%2 .0222653 -.09257 ... 030~7J

* . ..l.3I5o 7500oo 6144370 -15.502P' ;,:a71 I.7i -J47a
6.25 0 1061 -- 7W -. 7a

-9.5350' -6.25=j0 -1.1288 -1.0709,1 50525W~ -. 0291773 .10"J8 .. 03836,2

9 .33 2.0020 *37500 41Ii492M -.26.8233 -54-0913 O00e24 f-.34i2 2  -. 85859

1314385J -433333J 3Aa20J *11j278 9.9m02 -. ;41M, 1264 ..0I633W~

-O0 -21do -36.6333 -Warm OW905 -. 50912
-16.6AaWJ -10.00000J 7.82001 -1-71%kJ 116.001W. -.050)15 -d..33 .. 045633

-. 3-020 :37500 jr..TY2110 -6..y.73 m 2..u -*C00821 -Aak53 -1.95679

j.2 1.5o r 12.50000 16.1150J -2.W557 203.82093 -. CVA21J8 -. 16032J _-.!;M

r r - -

-j-755 __750 -4993 17 53, 236.5W .il..D) -.5.2o6 ... J4

.o0!567 -. F122 .001939 .01176 .Ca5Z -.9(~ii -3.035a8

_1.93220J -3.49613 -. 060646j -. 6o717. -.1P720.l -. 7c5"y -.24..C93i

6 .25 oS67 -1.0327 rx)1264~ .D006 .033U4 -1.!1639 -4.7181f6

6. 2 .41525J 4&C416 - .076453. -.76"j. -. 9&60J -...8866i -. 2666oj

10-07 -- 310 Orm -. MI 02&1 -2..'M -E.571&0

-3.22033J1 -6.45723 -. 203005J -1.02853 -j.3760J -1.052773 -. EI

.00%67 -1.56Q7 -. 0003"5 -.0076 MW1g3 -4,30715 -?2.Lb0E86

f -3.&qaW.J -7.9955J -.12436131 -1.4%0293 .Ij5,d.3 -1.16167j 23 W

-Lz.t!o5oj -10.3356 -. 1566.950 -I."L1.9 -. r565j'3 -1.2LYOW: -.2P066i

67 *W67 -2.19 -.002z76 -. 023V7 -.IC'2 -12.P56U j, M7

LI ~ t(,, -14.2P69J -.2102DEJ 200I -.7vC8G j -1.1426 j .29


