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OUTIINE OF AN ACCEPTAELE METHOD OF VIBRATION
AND FLUTTER ANALYSIS FOR A CONVENTIONAL AIRPLANE

osSe

Tha object of this Report is t» present the minimum of necessary .
infermation and technique on three~cimensional flutter calculation to cover:
a conventional case, It is intender. to be used primarily by those engineers
previously unacquainted with flutter problems who may be faced with the
protlem of meeting anti-flutter cequirements during design of an aircraft to
fly at "incompressible" air speeds, It is intended to be used as a simple
introduction to engineering calculation which should be supplemented by use
of AAF TR 4798, "Application of Three-Dimensional Flutter Theory to Aircraft
Structures,” , .

&r‘

Appendices II to V of this Report are intended as additional material
which covers some of the more important standard background of the usual
flutter engineer. However, this material is placed in Appendices rather
than the main body ol the Report because the aithors of the Report consider
the Appendix material unnecessary 'oo those mqmring onlv a bare minimum in
the way of flutter analysis. - T

Summary

The basic Report presents a brief introduction to the concepts of
vibration and flutter calculations on a conventional aircraft wing., Just
the necessary geometric conventions are established; then mass properties of
wing and aileron are desciibed. The next section gives a description, with
examples, of how t» calculate unconpled vibration modes which xre used in the
ensuing analysis, The main section of the Report describes in detzil, step-by-
step use of a tatular technique for msking the three-dimensional wing flutter
calculations required. A compliste illustrative example is included. The basic
theory of flutter is not consicered ir the Report, but rather the emphasis is -
placed on solution by means of the given tatular ‘echniqus.

This technique requires the use of a8 computing machine havinz an
automatiec multiplication feature. It is not claimed that the technique is
exceptional nar preferable to others employed by already-skilled flutter
analysis, It is merely presented as one proved means of meeting the minimum
calculation requirements conventionally encountered. The technique is three-
dimensional, i.e., includes the spamrise effect of wing modal patterns during
vibration, and is thus far superior to two-dimensional calculations, which
are now generally considered obsolete,

The final section of the main tody of the Report deals brisfly with
minimum cofisiderations on empennage vibration and flutter calculations, The
means employed in this discussion is to relate the empennage problem directly
to what has been previcusly developed in detail for the wing problem,

The appendices cover in detail the following more "advanced" topics:

II., The solution of freauency équations by matrix bec‘mique (including
Lire obtaining of modes hizher than the fundamentzl)

II. Coupled modes cf vibration of 2 free-free wing in air (using ma‘rix
e technique)
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"IV, Three-degree, three-dimensional flutter theory (etandard theory
logically developed and presented)

.¥e Wing flutter calculation besed en coupled vibratic. mods; /theory
of using ground vibration mudes rather than uncourled medes
directly in flutter analysis)

Scove
: CIRIMerEe

The aim of the Report being to present only a minirmum flutter

analyvis, the scope of material herein is necessarily restricted. However,
the analysis as presented aims at omitting no essentisl considerstionm,

such as, relative to vibration; describing the minimum calculation

technique needed to get uncoupled vibraticn modes for subsequent flutter
calculation, including symmetric and unsymmetric terding and torsion

modes; relative to flutter, employing 3t least ihiree degiee of Ireedom,
including the movable control surface; employing spamwise (three-dimensionsl)
modal effects on mechanical ard aerodynamic terws; using the actusl
parameters of the airplane in questiorn mthar than emploving oversimpliiying
_assumpticns; taking into account the effest of taper of the fixed surface
on aixr-force expressioas,

Certain considerations are however, ow’.ttsd. Among thése are,
relaiive to vibration; the use of modes hugher than the fundamental; the
calculation or test measurement of coupled modes; relative to flutter;
the employment of more than three degree of freedom; the inclusion of
offects of wing taper over the region of ths control surface; the twist
of the control surface; any effects of conpressidility; effascts of free-
Body motion of the entire airplans; the effect of aspsct ratio on cscil-
latory air forces,

The scope is limited to application to ronventional aifrplanes, and
of these, usual cases oniy. It is entirely possible that wmusual oir-
cunstances, even on conventionsl airplanes, will require more elabrrate
analyses than herein presented. However, the authors believe that the
design parameters available for variation, in particvlar control surface
balance weights w11l often be adjustad to within reasonsble values by
the ninimum analysis suggested herein and more elaborate anslyses are
seldom warrsnted.

While the analysis considers "incompressidble” air enly, it is con- -
siderad that it can be applied to cover cnses in & range of Mach mumbers
up to .8 in cases where a vovy substantizl flutter safety margin is
calculated, *

A« WING GEOMETRIC PROFERTIES

J. Breakdowm intc strips

The Sirst stap 4n & vibration and flutter analysis of a conventional
alrplene wing iz te assume it broken down into & number of chordwise
strips, as 1llustratsd in Mig. 1. :
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The first strip has {ts inboard end at the cencerline of ‘the airplane,

. The aileron is also assumed broken into chordwise strips in similsr
_fgshion. _ ’ .

2, Rlastic Axis

The elastic axis can be defined as a line, fixed within the wing,
about which the wing twists when under torsional loads, (Actually such

Y .—— & 1128 may not be exactly determimble with assurance of accuracy or- - - -———s

fixity sinse it may vary with type of wing loading and other facvors.
However, experience has shown that a reasonsble assumption of the
position of this axis can be iade and that such an assumption will
Jead to scosptable results in fluttar calculation,)’

t If the airplane is in the design stage the axis ray bs taken as the
locus of the shear centers »f wing torque boxes or, in the case of two-
spar wing, a lins through those points which are located batween the
spars in inverse distance from the spars as the spar section moments
of 1mrtiao

If the airplane is availabls for test, a test procedure is provided
for example, by the use of two Jjacks mounted on platform scales or
otherwise equipped to measure their loads, At the center chord of eath
wing strip a forward and an aft locaiion (for example, froni and reaf
spars) may be chosen, With the jacks located symmetrically on right and
leoft wings, loads of the sams megnitude are applisd by each jack on a
forward push-up point at a given strip, The daflections (8p)¢ and (41-)1',

- respectively of front and rear spars ard noted with respsct to a reference
plans determined by iwo distince lines intersecting and perpendicuiar to
the airplans centerline and parallel to the ground, The proscsdure is

i repsated with the same load and the jacks at the aft pusheiip point of the
sams chord, The corresponding deflections (de), and {dp),. are measured
with respest to the same reference plane. Iet & be the dlstance between

- the reference poiuts and r the distance from the forward point to the
elastic axis, Ist 4, , be the deflection of the elastic axis, Then

al
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for a load at the forward point:

dea= () 4 (dp)e - (dp)2 x (R-1);
-

and for the same load at the rearwsrd point of the same section:
de,a = (dp), 4 (dp)p =(d2)y x r
R

Equating these two values of elastic axis deflecticns, which must be the
same for the same applied load, there is ebtained an expression which
may be solved for r, thue locating the elastic axis st the section in
question. The precedure may be repeated for each strip into which the
wing is divided.

Once the elastic axis is determined for the entire wing it is cone
___ venient to replace it, if it is slightly curved, by a straight line fai: 3d
through it at a constant percentage of chord., This makes for considersbls
ease of calculation subsequently.
30 Notation ‘

The following conventions will be establiczhed (see Fig. 2) for
each stripwise section:

——¢h —
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/ b = semi~chord (ft.) of wing &b section in question”
eb = distance 21‘1:.; fron wing midchord to ailerci ‘eading edge
cb = distance (ft.) from wing midehord to ailleron hinge line
Xgb = distance 23.; from wing elastic axis to c.g., of section
ab = distance (ft.) from wing midchord to elastic axis of section

In all cases messurements are positive aft from the wing midchord,
or, in the case of xo¢ , aft from the elastic axis; and they are negative
v in the opposite directim. The above quantities are determined for each strip

. of the wing,

As menticned for the elastic axies, it is convenisantl for subsequent
calculations to fair a straight line thrcugh any slightly curved line in the
wing planform representing the locus of points eb, ab, o~ cb at each sectiom,
thus establishing a constant valus for e, a, and ¢ for the subsequent flutter

analysis,

For purpoes developed later, a representative semi-choxd by (feet for
the entire wing is neceded. This may be taken as; average semi-chord of the
wing, the semlechord at the 75% semi-span statioh, or the semi-chord et the
—— -. ailermn midspen section, whichever appeals to the analyst as most suitabls for .  _
this particular problem,

B. MING MASS PROPERTIES

.The following properties ars calculated for each wing strip: {(inocluding any
aileron present in th° strip)

1. Total masg (slugs * 1ts,) : m
3

32,2
. 2,. Total static momept (slugs x ft,) about the elastic axis of
the given atrip:
S‘ s X o¢ b 2
3. mome ertig (slugs x f£t.“) about the elastic
axis of the given strip:
I o Iog + m(c g D)

where I‘,g is the total mass moment of inertia of the strip about a span-wise

axis parallel to the elastic axis of the strip and passing through the center
of gravity of the strip: .

C. ALLERQN MASS PROPERTIES
The following properties are calculated for each aileron strip:
- 1, Total gtatic momept (slugs x ft,) of the given strip about the

aileron hinge lines

%
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2. Tgtel ms.s moment of inertia (slngs x f£.2) of the glven strip ' \
aboul the ailleron ninge line:

3. Product of insrtig (slugs x ft.2) of the given strip about the

!
| s
; aileron hinge line and wing elastic exiss

D, Wing »r3oupled vibration mcdeg °

1, Ting inflvcnce coefficients

If the airplane is in the design stage -he influence cosfficisnts may
be calcuiated from strers data; if it is completed thay may bs measured
n a simple tast,

(a) Torsion: ! influence coefficiegts {(x.yv). Thess are
lefined as the torsioral defisstion & in radiane at a
vanwise itrip x s to « torque of one foct pound applied

in the plans of spanwise atrip y. The axast method of
analytical determination of these scefficients depends on ths -
structuro of the particular wing wxler emsgideration, If the
airplane is avai’able for test, however, tke influsnce
coefficlents ay be determined directly by s method similar :
to the push~up Tethod described for daternining the elastic
axis., This wethod consists simply of deterining ths

deflection (*‘sl_ ive to the wing root) of each "*ﬂnaizu::p‘3

point for a given undt load successively st esch cther ¥pusheupt
poimt, The torsional deflectias undsr a unit Sorque at g given
station can thea be caslculated from theoretical appilestions,
at & given section, of egual and opposite loads of properly . ;
gsceled magnituds. The sat of influance coefficisnis in forsien
can be arrayed in & tebular or msiriy fora as 3iluxigatad:

ENCE CEFVICIENTS € (x.y) x307
. 5,86 {radians/ct.ib}
28.56 48,00 121.7% 133,00 138,00 138,00
42.00 121056 19890'\& 245.00 245.0@ 246.@ -
51096 138000 &6.6{'} 35‘9;@0 @5900 405.00 )
31,96 138,00 246,00 405,00 T%00  TWE.00
51,96 138,00 246,00 405.00 798,08 1776,00
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(b) Bending influsnce coefficients J (x.¥)e These are -
defined as the vertical deflsction of the elastic axis st spanwise
station x dus %o appiication of ons pomd vertical losd at spanwise
station y, The set of influsnce cocefficisnts in bending cax be
arrayed in a matrix as i{llustrated belows :

& (x.y)xmg? (£t./1b,)

36 196 3.27 5.07  7.53 9,72
la% 60” 12.59 21017 32083 * 45900
3.27 32,50 25.87 46,00 73.50 102,83
5007 23,07 46,00 92,17 157,75 228,08
7.53 32.03  73.5C 157,75 303.08 470,42
972 45,0, (5283 228,08 470,42 817,17

(s) Svometry of inllyence gients It will be noted that both
‘torsion and bending influence coefficient matrices are symmetrical
about their principsl disgonals (itens 1isted from upper left to

Py

as expressed by Maxwells Law 2f Reciprocal Deflections, (Notes The
sbove matrices are chosen arbitrarily and zre not associated with the
sxarple employed later in flutter snalysis:) . .

2. Ungoupled toraioual vibratiom mods.

Waen a wing is restrained against bending it cen vibrate cnly in
;. 4ts natural torsional modss., These ars dsfined us the natural
~  sizple harmonjc vibretory configurations or shepes whick a wing
gssumes when vibrating in pure torsion only. (Such yure vibratica is
impossible in gctual practics, whers always some gcupling ocours -
betwasn tending and torsion, EHowever, for comvenient calculation
purposes which appear later, yncoupled modus are used,} -

For celoulation of a vibravion mods the material re & sonsgists
of {1} the se% of torsional infloenoce coefficients and (2) the strip-
wizs vaiaas of Ty o _The equations of simple barmcmic metica can thon

" bs exzruseed ad Toreional deflection ot station 1] CRE
[Sus ‘of fiasrtia torques} x -fnfluence cosfficienmts sffecting stsiicn 4]

lower right oommer). This 43 dus to the naturs of elastic structures _____ .

PN IV ST
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In algebraic symbols

Teu)N + 602+ - e e O (1,0)
ToewN *+T,0Ga+* " T4

oL,

Kz

i T OGN * B+ Ta 8

where T; is the inertis torque at spansise strip i:

2
- Ti--.-z [f¢ « 2T ] I&Ldi —— o

where fo 1is the torsional vibrating frequency in cycles per minute,
Te¢ 18 the mass moment of inertia of strip i (slugs £t2) about
the elastic axis and ©&{ is the angular deilection of otrip 4
in radians. Ti7 equations of motion then become -

- (55 [Ta8G)x, + I, O 2dass+ - Lar 80,0y

1}

Ke " [%fs}z[:[mg(é. .)5&: *Iq.9(6,27u.+'“"I.“&E!-,é)d.;j '

These equations can be solved by the mich-used method of jtesstion,
This is dons by dealing with the coefficients: Iu{“ & (4, only
instead of the entire equation.. They are arranged tabular or matrix
form in just the same pesitions they would occupy in the ordinary
algebraic equations above, but algebraic signs sre omftted., The
result is the following matrix equation:




This equation is equivalent to the previous algebraic

- ar en Wo eom wn eww s =

- equations when "row by colum" multiplication is used, i.e.,
a row of the square array or table is matched item by item
with the last colum of X‘s and multiplied termwise; then the

results are added together.

o ——— - o cmee

-4

= 13 om
= 9.972
= 5,283
=. 2,568

As an example, assumc that a set of I ¢ values are known:

30458 sliugs ft2

The matrix of products Iw;-@(i,J) is expressed below

(using the arbitrary matriz of torsional influence coefficients
developed abave): This resull, is called the dynamic matrix for

unccupled tersiens

365449
869.87
1279,22
11582.57
15682,57
| 1582.57

170,62
790.96
2003.11
2274.01
227,01
227);.01

550,80
159.16
2596,63,
3226,09
3226.09

3226.09 .

Abovs, all the numbers of the first colum are the preduct of -
30,458 times the respective elements of the first column of the matiix
of influence ccefficients; ail the numbers of the second column are

518,13
1376.09
2453.03
3679455
4038.53
L,038.53

274,48
128,59
1299.56
2139.41
4215.kL
L2351k

133485 ]

35443

631.81
105;0.18
20449.53

156136 |

x o

products of 16,178 times the respective elements of the second

column of the influsnce coefficient matrix; etc,

——— v — b

Tue solution of the dynamic xztyix equation proceeds by iteration,

as follows, on %the dynamic matrix: Assume any colux: of six numbers,

X5 6




the largest of which (in the last piace) is 1

0868
#2255
LC29
«5853
+7370
1.0000

(This colvzn was assumed on the basis of some prior knowledge as to
the expected riode shape. This knowlsdge is a help but is not essential,)

Multiply the dynamic matrix "row-by-column® by this columi, obtaining
the following result:

1012
— . 2630
' 4699
6825

9661

12193

Divide all the numbsrs of tkis column by 12193, obtaining 1 aaz the
largest quotient; this is calied normaliszing:

" 40830
2157
.;851;

<7940
1.0000

Repeat the above process until the normelized row converges

{1400, gives the same result to a desired degree of accuracy on two
successive iterations). The complete results are given below:

Assumed Mode Final Node
0868  .0830 L0819 L0616 0815
2255 2257 .22 .22 2119 .
4029 L2854 L3802 3789 .3786
5853 (5600 (5538 . .55 5517
.7870 940  J7913 L1902 7899 )
1.0000 1.0000 1.0000 2,0000 : 1.0000
“Q ] . :
Divisor (2.,& L12193 12035 19 11956

2¢€46
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It is seen that the last two normalized columns are identical to
the third decimal place, and the resulting mods in uncoupled torsiom is

. Stal 082

Sta 2 22

Sta 3 ]

: sta I 25

Sta 5 <790

- . Sta 6 1.000
The frequency associated with this mode is given frum the relation

(2%%)
CLE X 10° « 11956

or f“ = 2762 cpm

—————— s w —

The above fundamental torsional mode and frequency have been calculated
on the assumption that the fuselage mass pitchinz moment of inertia

is infinitely large, (i.e., the fuselaze is immobile). This is a
reasonable assumption in most analysess,

( 3. Uncoupled bendingz vibration modes.

This procedure is very similar to the calculation of torsional
modes, The iteration process employed is identical, However, the
mass of the fuselage entsrs these calculations and, as 2 result,
there must be expressed means of calculating two types of bending
modes; symmetrical and unsyxmetrical.

In the symmetrical modes of bending the airplane and its wing
take & modal shape wnich is Identical on left and right sides, and
mey be represented schematically as in Fig. 3.

LEFT I
WING R "‘:m )

ReF. Posilion
- FUSELAGE
. Tgure 3
C It can be seen in Fig, 3 that the fuselage translates vartically

_ about its reference pesition in the symmetrical mode.
/576
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Iz the unsymmeirical modes of bending the airpiane and ite
wing ta¥e a modal shape in which the position of the left side is
*mirrored” in the right side, i.e., tho same deflection occurs
but is negative in direction on the opposite zide, This is
illustrated in Figqwe 4,

RighT
- \'\'I'in: -
Fussiaqe
LY
\n;in‘,""
Meure 4
T (a) trical mode calculation. The cxpra” ssion for

etermining that a mode bte symmetrical is that the sum of
vertical inertias forces be serc on one side of the airplane.
Since inertia forces in hsrmonic vibration are the products
of mass times acceleration, and acceleration im proporticnal
to deflecticn, there is obtained ths expressiomn. '

By by + @ hi + mp ho +

+55 hg = O
where m; 1s the mass (slugs) of the i%0 wing strip
(including half the weight of the fuselage in the *zero" -

strip at the lane center line) and hy is the deflection
(feet) of the i gtpip,

The equations of motion state that deflection at
strip i 1is tlLa sum of inertia forces at the various strips
miltiplied by the bending influence coefficients which affect
strip i; deflection will now be measurad with respect
to the deflection of the "zero” strip, or fuselage centerline:

hi-he s F8C0 + FEC,2) + o oeeet F§0,8)
h;;h*ﬁé‘(a,d*— Fad(2,2) # 4 Fo8(2,6)

LA IR I

H‘-'h.‘ EJ(‘:’)“"’ ﬂg("‘)




Where ¥, « z:{
is the influense coe{ficient representing bending deflection in feet
(with respect to fuselage) of spanvise point i due to s one pound
load at point j.

Thus the equations becone

. h,~ he® (wﬁ) E_M.J(',:)h. #ov e amd(1,6)hg

e hoe (B [ S dbt ooent e 56D he

Tke ko tera must be removed before further calculation is feasible.,
is accoiplished by multiplying the first equation through by my, the _

"secand by n,, ete., ‘and «dding the results, This gives
mlhl + “‘2”‘2 - (mpmyee

—

~e 4 mehé L ] m6) ho

But from ths condition for symmtrical modess
m hi*my ho+ ... #g hg = -Ry, ho
. Substituting this in the above gives i

27 )

intermsot ( %0 /

- times a coabination of hy to hg terms Replacing this in the original
equation removes the hy term from edch,

The shove process will be made clearer by an illustrative example,
Assums the previously given sst of bending influence coefficilanbs,

s ¢87¢

r'4
=3 hi 48 the irertia force and{qf; 3')

This

—y— ———
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Assume the following set of masses at wing strips:

87.20 siugs
Te99
8.15

10.00
4426
2.05
1.52

FREF S AR

The ¢ metrix for symmetric bending then consists of the -
coefficients in the following dynamic equations:

(hqy = h, ) xlO" (2.88 hy * 15,97 hg"’ 32.70h31"21.60 h, + 15hhh5+

*U.77 ng )(2Eh)

(h,=h ) x 10 '(15 66 h t 52,98 hy + 125,00 h34 90.18 hh*67.39 hs
T *68.10 h6 )( "&)‘ T i

(h3 = hy) x 10% (26.13 hy + 13#88 hp + 256,70 hy + 195.96 by, * 150.88 hg
+156.30 hs W)

(B, = b,) x 10+ (5081 hy + 172,81 by ¥ 160,00 by + 3926l by, + 323.39 g
~3h6 68 ng) (Afe )’

(hs—h ) x 1o- (60.16 h, 267.56 hy t 735.00 h, t 672,02 hh'l' 621,31 hs

3
+ 15,0k hé)( h)*
(hg=h ) = 10k (77.66 h* 366 75 h,* 1028.30 by + 97L.62 by + 967.36 by
1242.10 hé)(

The equations are then successively multiplied by m, =, etc.,
and added, The result is:

| =33.97h, *f my hy = (825.880; + 3419.17hy ¢ 8876.35h +739h.3ouh

#6295.81hg ¢ 7069.15h ) ( -‘..“.)?

i




or, since

mpby+moho +ushs $myk; + nchs nghg # ~mohy= = 87,20 by
ho can be expressad ag;

3
By - (%fh_)' x 1077 [ 6,82+ 28,22k + 75,26h3 + 61,02k, + 51,96k

"53-'4”6‘]

Thus h, can be eliminated from the dynamic equations,
The result in matrix form is

’ h]j ' .3.9!1 .12'25 .;h0056- ‘390,‘2_-36052- "h3057 ) hl
by 8.8 24,76 51.7% 29.16 15.3L  10.06 {
hyl o |29.31 73.66 183.uk 13b.9h  98.72  97.96 h3 l(W
b 20 33.69 k.32 386.7h 331.62 2713 28B.3% B,
hg 53,34 239.3% 661.7h 611.00 569.25 685,70 hg
( Bs | 70,6k 338,53 955.0h 910,60 912,4C 1183.76|  |hg)

Iteration on this gives the following results:

Assuped Mode
-0 =,039 =039 «-.039
- .02 o 016 0016 . .716
o1l «103 «103 «403

30 «281 «280 ~280

b1 602 5% 5%
1.00  1.000_  1.000 1,000

- . [ '
({ﬁl );. 2133 %Oﬂs 2085
60
The frequercy fj is defined by

(3,-,;,-{,;).. = 2085
‘ or fy. b6l

Uaing the previous expression for h in terms of hl' .'..hs,'
the value of h, is found:
ho = =05




— t—— s — - - . - —— e

-16-

‘Then the following is the complste definition of the first symmetrical

bending modes
Suo 0 "9055

: Stl. l . -QO”

Sta, 2 036

Sta. 3 <103

Sta. 4 «280

Sta, § 5%

Sta. 6 1,000

Note that this mode accounts for a displsocement of the fuselage in
opposite phase to that of the wing tip, as shown in Figurs 3.

(b) - Ungymoetrical mode calculation, The expression for dstermining that

—_— e Myt myh, Yo +oeesensncs Mghg Yo + I{ 8:=0

L8 Y4 ]

& node be unsymmetrical is that the smm of rolling inertia moments be
zeros

vhere h; is the displacement (feet) of strip i from its equilibrium
positicn, y, is the distance (feet) from the airplans centerline spenwise
to the center of strip i, Ip is the fuselage mass moment of insrtia in roll
about its centerlins, © is the angular reoll of the ﬁuehga during
vibration, The equations of motion in this case are -

hy-y.8 = ( "f") [m,l. §0)+...0..c. meh, §(1,6)

4 v s 00

h.-g‘.e (ztﬂ.)[mh J“,), coveeree g [(“)

To eliminate the terns in & a prooesdure anslagous to that used in
the symmetric case is employed, m'tip].; the first equation by n ’1
tts rneconl by n Y2 etc,, and add results; thus

M.g.ﬁ t myghy ¢ mygshy + meughy ¢ mgychs + moy by -(my

* M;s; XY J M‘g‘)e (‘“‘) gl [(’.!['6 m. msfa :(z ')* sse
""’""b N J(‘ I)J‘h*"""* E""s k4 5&!,6’ ¢ ”"”hg&‘(l.‘)
"-'...o ‘e @ M‘ g‘ J -;u&-?} é‘

mem e —— -~ s e - - - - .




But from the equilibrium condition for unsymmetric modes
. Mlglh‘+...."...'." m"bh‘: - If
Hence +he left hand of the above equation becomes

- e[mlg"‘p mlg: § eoecsocrces m‘g: + I{J

which can be recognized as = GI¢

where I_ is rolling moment of inertia of 1 of the entire airplane,
. 2 .

Thus @ can be expressed as (%fﬁ) times a combination of the hi

terms, and @ can thus be eliminated. An illustrative example will
be presented to make this point clear. The first unsyimetiric mode

{ will be worked out for the airplane having the previously given set
of influence coefficients in bending. The dynamic equations for un-
symmetric bending are the same as those for symmetric bending when

hi'ho is replaced by hi-yig .« In matrix form these are

To eliminate the terns in © the valuws of ¥, are needed.

In this example they will be taken as

nnSl 288 197 32000 260 Ak Wil ]
BT 15.66 52,98 125.00 $0.18 67.30  68.40
h-y30 . %

391 | 126,13 10188 286,70 195.95 150.68 156.30| x |ng ”w(z_gcﬁ)z
B5,0) ” lio.51 17254  460.00 392.6 323.39 3b6.68|  lm| T
he¥:@] 60,16 267.56 735.00 672.02 62131 T15.04 by
_h6.y6e- -77.& 366.75 N 1028030 971062 9&3.36 12’42.19_ FQ

¥y =  2.950 feet
yz - h 081‘2
y3 - 6.5!12
yh 4 9 0208
? = 120867
6 - 16 0833




2y, = 23,97 plug=ft,

m,y, * 65.420
MyYa * 39,226
n, = 26,377
MY = 25.586

Multiplying the Zirst dynamic equation by =jy3, the
second by myyys ete., and adding results yields

-I,0=[7558m + 3231m; + s6236n; + UETH

*e6eashs + TIS1g] 207 (_z_ﬁ_’,zo__f'

rr I, is taken as 21000 slug-ft
© = -[3.6001 + 15,4002 + 41,073 4+ 35.65h; + 3L.73hs 4 36,91hs]

( 27f, )"

— et e

x 107

Hence

' «-()[0.cm, « 4543k, + 121,16h, + 105,17h, + 93.60n, + 108.82hc] 1077
0 == (BHF17.u3m; + 4.5, + 198,86, + 172,620, +2153,64b5 + 178,720 1077

43 © = -(35) (23,5501 +100,75hy + 268.68n3 + 233,220, + 207,585 + 2L.LThg] 10

Ge© =-(320)[33.150, + 141,80, + 378.17hy + 328.,2Th, + 292.17hs + 339.8Thg] 1077
4s© = -( ) [46.32, + 198,15h, + 528.45h, + 458.TIh, +408.2Th, + 474,920, J10°7
40 © = -( 238) [0.60n, + 259,23h, + 69103305 + 600,10m, « 53115 + 621,31, ] 107

27576

)
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/ The following matrix equation resultz from eliminating
terms Ifrom the dynamic equations:

] [-7.7h 29,46 -88.46 -83.57 -78.16 -oh.m1] [m
h <177 -21.59 -73.86 -82.hh -86.3k -110.32 2 A
h3 - 2'58 101 "11.98 "37:26 "56090 '85017 h "7" )
m = | 736 0L 8183 &3 3Lz 68| |u| ™
hg 13.85 69,41 206,55 213,31 213.04 240.12 hg

- ng| | 1706 107.52 336.97 37L.52 L30.25 $20.79 hg

The solution of this matrix equation is obtained by the
iteration process already used.atove., The resulis are below:

Assumed Mode

«el75 - 78.387 -,131 ~98.762 - 140 -103.865 =.1L61
o238 -103.525 -.173 -122.375 -~.,178) =127.650 =.1796
237 ~95.646 =,160 -102,680 -,1497 ~105,L454 -.mah
-.m —19.285 -0032 -BQ&h -.0053 -ohla -e

0296 210,969  .353 261.628 .38l 274.9L47 .3868
1.000 597.354 1.000 686,029 1.0000 710,836 1.,0000

Reault

'\ <106, 7h3  -.246k6 -10L.888 -.14651 -.1h7
-m-570 ‘017977 ’128 9721 ‘017981 -0180

‘105 0959 - .11&815 "1060%0 - omelz -.1h8

.108 .00015 <196 .00027 L0

277.256 38767  277.656 .38782 .388

715.178 1,00000 T715.8¢1 1.00000 1,000

gy
F' z.'erw. = 129 cpmv

The uncoupled symmetric bending, unsymmetric bending, and torsion
modss are plotted in Figure 5.

= —_— - - - —— . e o e = -.'.’—: —————
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Note: The detailed discussion of calenlation of fundarental end higher
modes of any given matrix is giwen in Apperndix Il. The theory for
calculation of coupled modes is given in Section ¥ ot this réport

and in Appendix IITI,
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WING FLUTTER ANALYSIS

1. ZTheozy

The theory upon which this section of the Report is based is
found in immy Air Forees Technical Report No. 4758, "ipplication
of Three-Dimensional Flutier Theory to Airerzft Structures," by
Benjamin S»ilg and Lee S. Wasserman, The reader is assumsd to
have a copy of this report available, It will be dirs:ily em-
ployed to furnish certain sercdynsmic terns necebsary in flutter
calculations, The thecretical considerations discussed here
will de confined to those of computation only, and not t¢ the basic
theory of flutter, %Yhe essential sontributicn of thie section
is the presentation of the computetion scheme in a sequence of
concise tables,

The fiutter condition for a2 given airplane wing exists when
that wing is flying at 2 certain critical airspeed, This critical
airspeed i2 that which maintains definite harmonic oscillations of
the airfoil in its natural configurations without allowing then
to damp out., The phenomenon of flutter is ciassed with self-sxcited
vibration phenomena and is characterized by the fact that the wing
a* the critical flutter speed picks up energy of motion from the
air stream (by virtus of its position) as rapidly as it can dissipate
it by internal damping or othar means, :

The mathematical solution of the problem ussumes the wing to
have three degrees of freedom in which 1o move at any sections
vertical (bengngf, rotational (torsion) and the rutation of any
attached flapped surface about its hinge line{aileron),

The solution is further dsnoted as three-dimensional (rather
than two-dimenaional) because the zpamrise dimension of the wing
enters the calculation through tho modes (characteristic vibratory
shapes) takcn by the eniire wing in bending and torsion. The
air force effects calcunlated for each two-dimensional scction of
the wing are integrated ovsr these nodes spanwise to obtain a
throe-dizensitnal affact, Usually, the (relatively small) effects
of wing aspect ratio ars neglested for the usual analysis based
upon fncompressibie viow.

The mathemstical problem resolves itself into the solution
of the following three-dsyree-of-freacem-stability determinant:

|z

T-"I1= ]
T ™
1%

¢ '

—— - = W = ——— - - Y o iz




the elements 1, B, etc- 3 of vhich are given explicitly on Peges

Therein sffects of & geared tab are

4ncluded, Thess affscts are not considersd here.

For convenience and computaticnal purposes, some notation ie
exiployed here which is different from ihat used in AAF TR-4798.
The presen’ notation is adapiec from scme convenient and appropriate i
notation employed first b, K., Yachter, )

E
f
|
| 62 and 63 of TAF TR-1i79
|
|

tayms where they differ.
AAF TR-4T798

— P ey -

The equivalenne of the two notations is atated delow for those
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g = non-dinensional damping coefficient for entire wing coupled
motion,

The following as~cdynamic parts of the various determinant elements
are defined for use here:

Wing Terms
An s L' Fose + b, Kalli) b F'n s

Are ==L, ab'FcoFenr s« bp o (L) [ 6*Feofenr
+b'H, (Ld)/.. bFex) Feo de =" b, Ky (LA)[G“)gﬁdFﬂéf

AL abFiFrydy - by Ko (a) [ C440) 6 o Fendd
Aq.\‘ ./:‘{““)A’/'—(:;)d} + A)kg (N‘J[Z?f’;}

( # b Kalla) | (6" Flid = by 1, () [0 5 Foay
= brky (L), (£2€) 8°F 20 Ly

Alleron Terns

Ares [ TLlo-Ce-e) L] b'foxs £

A, =f7_'m.-wn)L,-(c-em.«c-e)(au)L,'] N
Aus LT - e-eR.TE fin |
As 'ﬂ&"(e )R-+ )T, +(4+a)(c-e)P] b' Fee) £
AL Tt eX BT+ (e~ RT b*

21876




With the definitions made above, the dsterminant elements of
MPF TR-44798 can be axpressed as ronws (geared tad cttocta are
- neglected altogether)s - - _

!:_\ (1-pZ)M+ ”T/ﬂ A,
8 So ¢ VIP Anu
C-S,+ wf Ang

B- s Ao

E: .I.‘ r7pAuc
E ""’:f Ay 4

g e * ’/’AM e
I-

R,+vpApu
Zfl': +7p Agg

Thus each term is divided into serodynamic and mechanical parts.

Finally, the first row of determinant elements is divided through
by M, the second by I¢, andth. third by Iz o The resnl{.lng
determinant has the form

Ahh- PZ ;ﬂu}. | Ahp
.Agh. . . A“—Z | A“p - = 0
'Z\M Aﬂx | Am"xz

where the det.eminant elements are now the noa-dimensional qmntitica:

Ahh"*%» :
Ahd %4. B -

A,,,. %‘*.%_AA(,.:-" S B




- wro A
ey Tl
A‘”,s‘+fﬁ.ﬁ£§

I; I,
Aa( y ;:‘ * ”'%A'I
A” = ,' . vIaA

The expansion of ths above determinant would ¢rdinarily result
in a cubic polynomial in Z. This can be solved by standard means,
However, since the plynomial would have complex coefficients and
the roots Z would be complex, i} is considered simpler here to make
assumptions whick result in a quadrdtic in Z which is more easily
solved.

The assumption consists in evalusting the term Ags ~ § Z
by assuming on the basis of experience that g = .05 :n this term
and the ratio=e has & definite value, where ¢, z'!!afe ; W 2¥fe
and f; is the critical frequency of flutter oscillations in opm.
. . W
By aseuming different frequency ratios & SAY -g— r0,h,l , 5

a range of cases can be covered to 1nc1ude must cases encountered in
the actual airplans, The term ..-32. is replaced by

AA,“'(U‘) (1 +. 05‘)(%) + Alﬁ" Aoo (Qg) (’+ “3)

which haa & definite numerical value for each assumed frequencx
ratio _‘5_ The determinant then has the appearance

[ Pz A-h‘ A.hp |
AQ;. Aue-Z Acu' =0
Aﬂ! ﬁﬂ" A;l

* T AL sresvedTsT

o -




This is expanded to give the quadratic Z.‘l -2 XZ +'z =0
where ' o .

Aa'- 7 {[Z.u Apg + ;l; A.‘;, Ah‘7 *’;, - [A-da"- %’AJ]

) - - o . - e =
}z o {PA;, [Adl, AM Au";AnAuAu"AMAuAﬁ& ‘
- A“L Ah‘ ﬁ.g.‘]"' 'p!' [;M\ A.dd —Adh Ah(7}

The‘solntiona are Z'.. ¢ J,\'- q AND Zz‘ A-V A‘- n .
Lot : |
Ze X+ i, s (&) +jg (8
Zg'xz*jrz ) %) +j3'-(%'i)z
] ) Y&
™R X 5 gat K

where 2; and gy are the damping cosfficients required for flutter to
exist at a given 1/k value (one corresponds to each root Z).

Row
v -~

-'— oL .-—L-— - c_'
K V ¥, br(‘)d

"Lx -—L—- - .—v—‘—

K 'K b,w‘

l .
/;/a" = e g e e -.—~ P S

e ———




; where v, axd v, are the flutter velocities associated with the roots %, %,
for & given 1{k valus,

Por convenience in plotiing final results, g (percent) versus
v ) is desired for each 1/k valus: g $=gx100 %

)
‘ ‘mlr%"ﬂ? e o
- « (CPB p rad/sec)’ x -—-m——

Bending Torsion Flutter

In case the aileron frequency can be sssumed infinite (aileron rigid),
ths following simplification results; all dsterminant elements with a ﬁ
subscript sre zero. The deterninant becomes, then

B, -2 &,

Ko -2

{ which, on axpuision, becomes Z° ~2)\Z+ Q: 0

vhere )\ -t [ ha + _I?p_]
Rei[Tn T T Toxn]
The solution proceeds as in the three-degree case.
Square Boot of a Complex Number
‘il’ho tere - "l appears in the ﬂ;eory above, where ( )‘t—rl)
in a complex numbsr R+J I. The positive square root is taken as follows:
let YRYJI = BRI, '

Now RejI® P (c0s@ # Jsing) = ped®
And Ry+J I, -f’(coug + J:ing) =fiei§

Now cos i = _q{ i+<2=°8 ) $ sin .g. - _t“z—cos e




Hence
R°+J 19

(T e
-_:ff(t‘/'i;_fw ’5@)’3@-*;@—
Mf'mﬁé Rye JI,= t@tém | . |

Now if tho"positivi' z;oot only is sought it is sufficient to confine the
ambiguity of sign to & singls term, say the first; thus

B ¢ EEEeR

oe ¢+ NR:E=-R -~ " — e
2 .

Further, it is easily seen that

Yot —51- (for I,%0)

To remove the ambiguity of sign in Ro, conrider all possibilities:

R I Ro ) O
>0 20 >0 >0
<o »0 20 20
<o <o <o %0
b o) <o <0 >0

It will be seen that I, is aiways > 0 and the sign of R, is always
the sane as the sign of I, Hence the following rule is set up:

1, Given- R+ J I; toﬁ.nd R"‘a. b cRo*éIo)

2. Mnd I°= + \’VR!.’.?;-R -
2

3, Md B, = T . _
2L,
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2. (_:mtati*n:

Before beginning eonpntation, those wing modses to bs considered should
be selected. It i3 not possible to tell beforehand which modss sre likely
to result in tha aosd critical flutter condition. Thus it is necessary to
select various modes and perform coparate analyses for each combination of
modss chouon.

1

For the tiz;g it is considered suffici=n: for & minirum analysis to make
the follow!rz two selections of modes and an analysis made Lased on
each combinations

(1) 2(x) first symetric wncoupled bending mode

v(x) first wmcoupled torsion mede
(2) £(x) (first unsymetric uncoupled bending mods

F(x) first uncouvled torsicn mode

The asscriptions which follow pertain to the use of the tabular
forms (Tables 1-7) in performing actual flutter computations.

Table 1

This table is designed to evaluate the integrals of both inertia
and purely geometric content. Columns @ m—%—p—'
€ ,@ ,@ , @, @) are sumed to cbtain approximations of these integrala.

Therein fs = f(x) is the uncouplsd bending mode obtained from vibration
aaalysis erd Fy = F (x) is the analogous uncoupled torsion mode,

Zhroughout; the subacript s 4s similarly used to denote the value of the
particular parsmeter designated at a given strip s.

Table 2

This tatle is designed to evaluate the zilsron integrals f

of Yoth iseriia and gsomstric content. Colma@ @ @ @ @
@ are sumred to obtain these integrals. Cosumns(3),(R) ®,® @ @

ot
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of this tahl. should be computed separately .t ’

for each condition of aileron static balance. _ a
Aileron static balance is specified in percent and is computed

as follows: Let (Spl represent -the unbalance (siug ft.) of the

aileron without any balance weights. If a mass of balance weights
of m, slugs is placed x; feet ahead of the aileron hinge, the i

3 - .
Xy x 1007, Often ]

resulting percent aileron balance is
the aileron is stripwise balanced.
Table 30

This table is designed to evaluate the wing aerodynamic terms,
P o — e . A&’ A“' A‘h,A“ e ame =

In setting up a tabular flutter analysis a useful series of
.

b, w
runs across the togc of Tatle 3 and subsequent tahles, This parameter

is a governing element in that it determines the evaluztion of the
flutter stability determinant atv various points, one at a time, In

values of the flutter parameter, -,"- ® is- chosen first, This

the expression for -'- s %’-'w y V is the velocity of the airplane

(feet/second), b, is the reference semi-chord, and @ is the
flutter frequenty (radians/sec). A suitable range for the 1/k
parameter may be found for a given airplane as follows: Let v be
chosen 50 to 100f higher than the maximum glide velocity of the

airplane, Choosoc.‘t!z’o—&uhen f.‘ is the uncoupled torsional

frequency of the wing in cycles per minute as determined from '
vibration analysis or approximated from a vibration test, Calculate

i‘u A JR using these values, et this value be an upper limit - -

to the values from the following set to fill in the top line of ) )
Table 3 and subsequent iables, being sure to includs the calculated

maximm 1/k at the #ight hand ends 0., 0.25, 0.5, 0.83, 1.25,

1067, 2000, o5°’ -.9h, 033, 075, hol?; 5‘00, 6025’ 8033’ 10.00.

. —— - s - —_— . ———— e TEEREAY R &M L3
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The left hand column of Table 3 identifies the items to bs
filled in in eacn line. The blanks in this column are filled in

as follows:

Line

® ©

® QO 6©® 6 @

® @

Jtenm

(b,* 2@, Table 1) *Ka (L)~
Any = @+ (Z €D, Table 1)
(~b,x (4+a) = £ @D, Table 1)K, (L)
Ac = @ (-2~ T G, Table 1)
(by* £ €D, Table 1) fia(le)
(b2x S @D Table 1) * Ks(L)
A =@+ @ +®
(o x 2@, Table 1) K, (M)
(by* 3*%) *Z @, Table1)* K (L)
f-b, x($+a) 2 L @3), Table 1) K;(L«)
(~by s (44 0) xEE, Table 1)* K, (L)
@+@+@+@+ (§+)ZEDTablel




The items K5(L,), E;(Lo), K3(L¢), K,(My), are asrodyremic coefficy ‘s
for tapered airfoils, Theasa tables sppesr in this ruport as appendix VI,
and are taken from.AAF Technical Report 4798,

It will be noted that these valuesaremm;ofthc
foirm R4 JI where R and I are ordinary real numbers and ‘,-TT .

Hence, in Table 3, appropriate entry blanks are provided, that for real
numbers B being marked R and that for imaginary numbers (i.e., the nunber
I mitiplied by j) marked I,

faltiplication of & couplex number R +J1I by a real pumber
N .. is accomplished by multiplying R by ¥ and I by N separately.

Addition of a real mumber N to a complex number R+JI is
accomplished by adding R and N algebraically and adding nothing to I,

Addition of two complex numbers Rj+JI; and Ry#JI, is
accomplished by adding respectively real and imaginary parts, the
result being (Ri+Ry) +3 (134 Io)e

“(In £illing the table it is always convenient to ~arry along

the columns 1/k g o for use later in calculetion of goupled modes
at zero airspeed,)

Table 4
This table is designed to caloulate the aileron sercdynamic terms

big , dep , ban, Aox , Asa

The left-hand column of Table 4 identifies the items to be £illed ir
in each line, The blanks in tlic column are f£illed in as followss

= ‘1": ;_" $ ?"w;‘:_—" —= “4‘."’ ——. JM”_ — &" ——S.ﬂ. e e —

—— -k - aa ==z s a2 BRI & Vi T e e -—— T STTAEED o T S Sl v
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are complex quantities,
tables in Appendix VI, It is necessary to calculate the proper € valus

before use of these tables since the tables are prepared for various @ values.
(See Section A,~3."Notation") That tadbular value of € may be used which is
nearest to the calculated value. The same rules of operation apply to these

iten

(Zo TAHG 3)‘ L’

 (-(c-e)= Z ({©), Table 2)*L,

Aug” @"@

(Z@ , Table 2)x Me

((4+2) xZ €9, Table 2)1L,

(-(c-)«Z @Y, Table 2)*Ms
((c-eX($+2)x T €0), Table 2)*L: |
Aco = @4@0@4@

(z @, Table 2)=T,
(-(c-e)* % , Table 2)* P,
Anh ’ @ ¢

(x @, Table 2) 2T
(-(c-e)xZ@,TAHe [ )‘ P
(~(4+0)<Z @9, Table 2) =T,
((4+a)e-e) = E &9, Table 2) =P
A“ . @ + @ ¢ ¢ @
(£ @3, Table z)@ﬁ
(e-e)2Z (19, Table 2 ) %P,
(-(c-e) » Z ,Thblc 2)*T:
(G-e)*x 3 (9),Table 2) * R

A,,"@" 4@4@'

f -

The dtems Lg, La, Mos Mgy ThyPoy T s P s T@s B0 » T2 s B2 -
These are found, for various valuss of }/k , in the




=3be
complex quantities as described for Table 3,
Table §
te Elemant,
Thls part of the table is designed toc evaluate the wing
determinant elements f", I“, ;h, '5“‘ from the corresponding

airforce terms. The left-hand coluwm of Table 5 identifies itens
to be filled in in each line, The blanks in this column are i:lled

in as follows: .

Notation Iten

Ty 2 .00900 ¢ ( 74) *An,

Thg L s (3)+ (F)r A
I _ * (%ﬂ +(§£)‘Adh

o s /. 00000 f(zf)"Aw

App 18 found in line @, Apgin line @, Aghin line @
and Agein line (@) of Table 3,

Alleron Determinant Elenents

This part of the table is designed to be evaluated once for
each percent of alleron static balance employed. In the design stage
¢f the airplane it is well to assume a rangs of three or four different
percents of balance, calculating the table once for sach percent, Thus
a final set of flutter results covering a wide range can be cbtained and
used to predict desired balance weights on the aileron., The left-hand
colunn of Table 5 identifies items to be filled in in each line, The
blanks in this column are filled in as followss

Notation iten

ng ' (%)‘(?’AM |

Tug = %f ) * ( %)A.m
Lo ® | %)+ ( ?) Ask
Lpy = ($ P'“ e) ¢ (%) Asx
ig, = 1.o0cso+( z,)A a8
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The items A A A & and are found
respectively in liﬁe;@q: ‘:“ @ (3,“ @ s @” of Table 4., In
Table 5, the awdllizsry items

Iy ”flmjsd) L’%’%:P."

ars entered. These are obtained as follows:

. 77 is calculated as 3.,14159 times the vaiue of air density
(slugs/St3) at the sltitude selected for flutter studv. Ususlly this
altitude can be taken as 75% of the service ceiling of he aircraft.

x = 2 @, Table 1

= 28 ., Table 1

1. @ , Table 1

s = Z@®, Table 2
. TR S A T

Po= ZO . Table 2

Table 6

This table is designed to perform the final evaluation of the
flutter stability determinant, the elements of the detemirant having
been developed in Tables 1 to 5.

The value of p # square of ratic of uncoupled bending frequanc
to unroupled torsion frequency is entered on an sauxtliary item on this
Table.,

eV ot oraAONEN

The items of the various lines of Table 6 are seif-explanatory
as to indicated operations to be performed.:

The product of two complex numbers is encountered for the first
time, This is performed zccording to the following schewe:

(Ry+J 1) x (Ry+J1L) = (RyRy = I, L) 43 (I, Ry¢ Ry 1)

-
-

VSR A L 5
. €

Ir the numbers occur in the tabular form, as in Table 6, the mul-
tipliers paired to get the real entry may be schematically jllustrated

by
R I
R- I
- rx. ‘1
Ry I,

R
1 R ooon Ip =2 Real Entr,
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The multipliers paired to get the imagi;zary entry, likewise
may be illustrated by:

R I

Imaginary Ectry——»AA Rl I+ Ry Il

The items of Table 6 are grouped so that unnecessary repstition
of computation may be avoided as various cases of aileron balance
frequency ratio are employed in the flutter analysis., Lines

@ apply to the wing only and are therefor: independent
of aileron changes; lines - are independe: t of aileron
frequency but vary with aileron static balance; 1lines -
must be repeated for each variation of frequency ratio or atatic
balance. Aid in the interpretation of the items of the various
lines follows:

Line
@ Rah is obtained from Table 5 (top)
@ - Xyp; algebraic subtraction, item by item

] Bun x Rae ; complex muitiplication; the necessary
terms are fcund in Table S (top)

®
®
@ @ - @ algebraic subtraction
®
@

1 x (® ; real miltiplication

’commplex multiplication; the necessary terms appear
in Table 5 (bottom)

@,@ @% ’, self-explanatory: reel muit.i.plication or addition
'
Ron® Ao+ CLAT)* jCosx [ 2T)

The term in first parenthesis is added algebraically

to the real_entry, the second to the imaginary

entry of AM ; (&)ia soma previously assured value,
@

!
— the R and I items here rgfer to
@ Aﬂﬂ the entries in line 19

e ¥ I S S R ——

SE——

- T B Sttt




Complex multiplication CA
R @ Self-explanatory - real addition and multiplication

Square of a complex number; iomplex multiplication of
the number by itself; (R+3jI)® = (R* — I®) + j(2RI)

@
@
@
@ Complex multiplication plus compl;ex addition.
@ R
)
@

Self-explanatory
Square root of a complex number; see explanation
for Tsble 7
- @ Self-explanatory
Table 7

This tableé is designed to develop by successive simple steps
the square root of a complex number; this is of course also complex.
The given number (from R and I entries of line » Table 6)
is entered in columns and , respectively. é_other colums
are explamned by their headings. Columns and @ are the
required R and I values of the square roét of the given number.

Final Plot - Bendinz Torsion-Aileron "lutter

The final results are produced in the form of a graph having
two curves on it. The higher curve is the critical one. The

twe ¢ s are piotted from the respective pairs of values in
lines 33) and () , Tsble 63

[v.fww i $7 ]

The g values zre taken as the ordinztes,. y being.,the
abscissas, Lowt

Pending Torsion Flutter

In case a tro-degree analysis (bending-torsion only with rigid
aileron) is desired, Table 6 will provide the necessary elements,

In t.his case, line ® to @ s inclusive, are left blank, Line
aced by —% x (2) =)\ and line is replaced
by line The computation then proce as bvefore,
-1/3"/.‘-“ - S e— - EEE e e




Coupled lodes

It is noted under the subject of vibration analysis that
uncouvled Gtending and torsion modes are used in the flutter
analysis. If 1/k = 0 is used as one of the values of the flutter
parameter, the tabular computation automatically provides the
coupling of the uncoupled modes. The coupled frequencies at zero
airspeed are given simply by

£
- and f‘-"—

VX, VX,

(see lines @ and @ , Table 6)

The coupled modes 2ssociated with these coupled frequencies
may be defined at any spanwise section x by the deflection of
the elastic axis hf(x) and the torsion about itef F(x) in the
coupled mode. These results are obtained as follows, using values
for Yk = Q.

Arite the equations:

@n - POB) + Fra@ + Fyg g) = 0

T () + Bxx- X)+Tas(g) =0
Bgn () 4+ Fpx @W*Egg @) =0 ’

(wrere X ©%) or X, (lines @9 or @9 » Table 6)
-t
The App tesms, etc. are in Table 5 and Aﬂﬁ is line @ s
Table 6, for l/k s 0.

For a ziven value of X, eliminate ﬁ from any two of the
equations and solve for X in terms of h. Doing the same with
any other pair of equations vwill merely provide a check on the
same result, Say & =Ch  is the result,

The nodal pattern of the coupled mode of the wing may now be
expressed in terms os the bendinz deflection of the elastic axis,
which will have the deflection pattern f(x) spanwise, plus a
rotatien atout this axis of an azount. C3 F (x).

27578
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Tables 1-7 are presentad here in two forms, a set of ‘blank
tables and a set containing the parameters and actual complete
caiculation for a single configuration involved in flutter

study on a given airplane., A g-v plot based on the results
of lines ana @ of Table 6 for this airplane is presented
as Figure &, )

2/57¢
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P, EMPENNAGE VIBRATION AND FLUTYER

The material developed and discussed in Sections A to E of this

Report applies to the aircraft wing; however, with some changes in
interpretation much of it can be applied to the empennage of the air-
plane. . Hence, the purpose of this Section is to show briefly the means
of applying the foregoing wing material to the tail surfaces, In this

. Section, completely detailed methods need therefore not be presented;
instead, only those points unique to the empermnage will be discussed and
fitted into the previously developed analytical schemss. It is suggested

- that, in following this Report, analyses for the empennage be performed
subsequent to wing analyses. o

The various degrees of freedom and combinations thereof which can
occur in the consideration of tail flutter are quite high in number,
In this Section only three cases will be considered since it is felt
that the cases chosen represent a minimum coverage of the problem for
most airplanes. Unusual cases will always require special analyses, but
these are not considered here,

——- — e .

Case 1. Fin Bending (h), fuselage side bending ( & ), rudder
rotation(ﬁ)

. In this case the fin-rudder is the aerodynamic surface involved

: in the flutter study. When the fin bends, its deflection corresponds
to wing bending, the h degree of freedom; fuselage side bending changes
the angle of attack of the fin; this corresponds to wing torsion, the O
degree of freedom; the rudder plays the role of aileron, the ﬂ degree
of freedom,

The (uncoupled) fin bending frequency and mcde shape should first -
be determined by the same method as used to obtain the wing bending
frequency. Hewever, in this case the fin can be assumed cantilever from
a rigid base, in which case no h, terms need be carried (ho = 0).

The(uncoupled) fuselage side bending frequency and mode (including
the entire empennage as rigid) should next be determined by previous
methods wherein the aft fuselage is first divided into (six) strips,
etc, In +this coee the aft fueelage can ke conveniently sssumed can-

. tilever from the trailing edge of the wing; fuselage forward of this
arbitrary line can be neglected. Although this mode is a bending mode,

. it gives use to a torsion degree of freedom. Hence, all parameters
must be interpreted in a torsional terms rather than translational,
This can be done by plotting the fuselage side bending mode as illustrated
schematically in Figure 7.




Fusslags  Sios
Moo,

trnoc’a’ R

TRAling S0 @
wWing ‘

REE. Pog. .
Figure 7 . .

Draw a tangent, at the center of each fuselage strip, to the
modal curve. Where this tangent intersects the reference position
defines a rotation point for that strip. The chord line of the
fin ‘will, generally, lie along one such tangent and intersect the
reference line at a point, This particular rotation point is the
elastic axis of the aerodynamic surface. The moment of inertia
T of the fuselage-empennage is

I‘ ] ; I,“.F;‘(x)

where Igg is the moment of inertia of fuselage strip § about

its particular rotation point in the fuselage bending mode;

Fg (=1) for the aftmost (tail surface) fuselage strip; otherwise
Fe¢ (€1) is the ratio of that angular deflection pertaining to

tfxe strip s to that of the aftmost strip. The above calculation
is based on thé modal shape of the fuselage side bending mode
(Figure 7).

The general geometric properties of the system are determined by
the scheme of Figure 2, the midchord of the fin-rudder system being
interpreted the same as that of wing-aileron, the above-defined v
rotation point being the elastic axis, etc. It will be noted that
under these conditions the parameter a is almost invariably
negative,
In the general flutter theory, the integrals of the "Wing .
Terms™ are replaced by analogous inte based on the fin, where
f(x) is the fin bending mode and F (x) & 1. The reference semi--
chord b, is chosen as before, Similarly, the "Aileron Terms" . :
are based on the rudder, Otherwise, everything proceeds analogous}y '
to the wing analysis and Tables 1 to 7 are applicable, In the
: event that the fin natural frequency is very high (say three times

the fuselage side bending frequency) the fin may be considered rigid

L Bt s Nt k.
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( ﬁ(ﬂ'o)tith considerable resulting simplification, In this case the
system becomes a two-degree-of-freedom one wherein the degrees of
freedom are o and y- X

Case 2.  Stabiliser bending (h), fuselage vertical vending (el),
elevator totation (2 Yo : ‘

In this case there is complete aralogy with Case 1, wherein the
whole stablliszer (both sides) plays thae role of the fiu, the elevators
. (both sides) play the role of the rudder, and fuselage vertical bending
: is strictly analogous to fuselage sids bending,

Case 3. PFuselage torsion (h), fuselage side bending ( of ), rudder
rotation (A8 ).

For this calculation the natural frequency of the fuselage in
uncoupled torsion is requifed. This can be calculated as in the case
of wing torsion assuming again the fuselage cantilevered from the

—— . trailing edge of the wing. i .

In this case the fin-rudde: is the aerodynamic surface involved
in flutter., The aerodypamic effect of the stabilizer-elevator (which
can be considered a single rigid unit) can also bes included. The fin
can now be considered rigid. The"bending" (h) mode £(x) of both fin

t and stgbilizer-elevator is a straight line rotated about the fusclage

torsional rotation point. The t_l_e% effect of the (rigid)
stabilizer-elevator is included by a to An for the fin, a tern

Ahh based on the stabilizer-elevator and taking the sum of the two

as the final App for snalysis, The mechanical ef“gct of,the "rigid"
stabilizer-elevator is included by adding to M > m(x)H0 dx a

inif.nr term based on the entipe horizontal tail (both sides); and to g =
‘&. (x) P(x) dxaterm JS, f (x) dx for the entire stabilizer.

The mode § (x) (h deflection due to fuselage torsion) should be
normalized on either fin or stabilizer (whichever has the greater value
at its outboard strip). All other terms are based on the fuselage

and fin rudder and are developed as dsscribed analogously for

Cases 1 and 2. -

278576,
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APFENDIX II

THE SOLUTION OF FREQUENCY
FUATIONS BY MATRIX. TECHFIQUZS
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II-1

Part A - Example

Consider a typical system of frequency equations of an elastic
system vibrating sinusoidally with circular frequency (o)

0 <[5, + bay + by @5+ ba @]

' G Loy @+ b G bia G5 +bis G 1°
o Os- f!:,, @+ bsu @+ bz s+ bae @u I
G Uba 4+ by @st bas @y + bas Ga 1"

Where (ﬂ'g reprecent generalized displacements and bl ’ , etc,,
are numerical constants which are functions of the inertia and
elasticity of the system. Their determination is much simpler when

actual numbers are used rather than symbols. Tnis will be demonstrated
in the worked example which will follow,

At this point the mairix notation is introduced. In this notation,
Equation la becomes

— -y s

@. by bn by be | o lw
@. by  ba b bae| 1
@ by b by ba| (@
s bet by bes bee] P4

d g

L]

2¢8/6
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II-2

where the "matrix multiplication" indicated on the rigat betwean the
"square matrix" and the "column matrix™ can be readily understood by
referring to the conventional form of Equation la o This type of
multiplication is standard for a matrix of n rows and m colums
times another of (necessarily) m =-ows and p colums, the result
being A matrix of n rows and p colums. (Above, the result will
be a one-column matrix,)

Since they occur frequently hereafter, examples of matrix
multiplication are given here to clarify their meaning. Let M be
an srbitrary four-by-four matrix such as

(6 2 1 -3
5 0 7 -1
T 12 8 6 2
3 9 a4 g

Postmultiplication of ¥ by an arbitrary colusa such as

»-5"4
3
C =
2
1
iax performed as follows:
-~ - r < r 7
6 2 1 -3 5 35
5 0 1 5 3 Lk
¥0 = -
2 8 6 2 2 48
_3 9 =i lt 1l Ll
vhere

352 6x542x3+1x2 « 3x1

=z 5x540x34+47x2 + 5 x1, ete.

N

T




I

Premultiplication of

-

is performed as follows:

Since both f and the
only relative motations (2.
multiplier, a solution:

Which =87 ccn
by (say) % » thus
relative to this elsewhere,

for cozparison,

Essence of the iteration techni
aveiasvion

such a set of norualized
on the_right of equatiorn
ot (’9 V’lm.
resultz normzlized, and the

ently be "normaliszsd® by dividing all

TI-3

¥ by an arbitrary row

[3278]

[3278] 6 2 1 -3-'
s 0 7 5
= |66 13k 51 47
2 8 6 2 [ ]
3 2 A h..i
where 66= 3 x642x 547 x2+8x3
Bh=3x242x03+7x848x9, etc.

are uhknown, solutions will give
there will result, up to a copstant

@G
Thus

Cp valuss
getting 1l ag the )y entry and values
The term normalize is a conveaience adopted

from mathematics tc suggest thes reduciion of 311 values to a common basis

R2 which will bs used is to assvme
vaiues and perforam the indicaved postamltiplication,
(1b.). Formslizing the result gives s naw set:

These are used in the same indicated mvltiplicatiom, the

process sontinued wntll two adjaces:t cycles give

Insignificant varistion in the results,

- 2I/5/76
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The process is then saic to converge, That this procses does converge
fexcept in unupual cases) i3 proved in varicus stancaerd texts «n
matrices, stc, Iteration is an obrvicue name for this repeeting series
of operations,

The final value of {& used as a givisor in noratlizing is &
close approximatica to a&; for the fundamental mode, Thege techniques
are illustrated in the following example.

Assume given the matrir equation:

o] 1 9 o s1[@ »
b: -] 1.2 1.9 1.7 1.6 0&1 Wix 19
6l 112192726110

@) [1.2192.73.6) L6

The iteration process by postmmltiplicatinn on this is given in
Table 1.

TABLE I

Calculation of Relative Vibration Amplitudes in First Mode

Assumed
Mode Co0l.2 Col.? Col.s Col.S Col,5 Cole,7 Col.8 Col.9 Col.l0

A 2,60 .3523 2,186 L2901 2,113 .2829 2,100 L2819 2,09793
——— 6 LeS8 6206 L4.672- 6200 4.601 - 6161 h.582 6151 L4.57883 -

o8 6.38  JBELS 6,536 L8673 6.468 8661 6.4h9 L8658 6.LLLG3
1.0 7.88 1,0000 7.536 1.0000 7.468 1.,0000 7.4L9 1.0000 7.LuL63

Col.ll Col,12 00101\3 ﬂodq_

281804 2,097683 ,2B1792 .2818
615651 L.578408 615040 .6150
6567k 6,082 865665 L8657
1,000000 7.441082 1,00000C 11,0000

To 1llustrate the mearing of this Table, the matrix multiplication
used to get Column 2 from Columm 1 is as follows:

.2 09 .7 06 ‘:‘ 20&
1.2 1.9 L7 16 61 5 1hs8
1.2 1.9 2.7 2.6 8 6.38
L1.2 1.9 2.7 3.6 [ 7.38

The process involved in going from the seccnd to the third column

2A/876
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is as follows, correct to four deciwmal placesy 2.60/7 3 = «3523;

h.58/7.38 = .6206; 6.38/7.38 = .86).&5; 7038/7033 = 1.

The entire process is repeated, starting with the third column for
postmultiplication, instead of the first, to get successive coivmis,
Each odd-numbered columm is a closer approximation to the actusl values

of @ wiich define the mcde. The frequency equation is
5 .
16 /w': = T.lhll

from which 0), = 115.9 radians/sec., and the frequeucy is fyr 2%914 - 1106.8
c:;'clea/min.

The iteraticn could have teen carried out by premultiplicaticon of
the square matrix of Equation (1b) by a row matrix also, but this doos
not yleld the mocdz; only the frequency is given in this case.

By the nature of the iteration process as set up in the form of
Table I there is asesurance that this is the fundamental frequency required,
and t'= final column gives the relative displacement values @ for the
fundamantal mode,

The method for obteining higher modes and frequencies is next
discussed. No attempt is made here to give the underlying theory, but the
technique wi.l be described in sufficient detatl to enable the reader to
follow each step.

To obtain the second mode from Equation (1b) assume By, is the squa
matix on the right side of this equation. ’
Let

[ 72 730 0]

be the rov matrix obtained by iteration on By, by row pramitiplication
(See Part B for an important modification of this method), Assume tIis
is rormalized by dividing the results through by any ons of the r's,
83y Iry. Then the row has & 1 in \he ith piace and has the form

r, LoL I
r. r.
L3

\,
r. T. ; J

4
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let I be the "identiby matrix® with unity of the main diagonal and scros
olsexheres

OO0
OCOHO
OMHOO
HGOO

Tet E, be the square matrix with the normalized row as its 1 row and

zeros elsewhere; if ry ¢ p, for example, then E is
0 0 o 0]
0 0 0 0 -
0O 0 0 0 |« L
S T
Ty T4 r‘, Ty J

Form the matrix 1 - E,; thus, ifny =- 1y;

(1 o o o
o 1 0 O
0o 0 1 o0 =T -E,
LI S

L Ty Ty T4 J

Form the square matrix B, = By (I - Ej) by multiplication. The matrix

By will now be used exactly as B; was used, in the iteration process, and

the result (by postmultiplication) will converge on the second mode and
frequency W, . It may be noted that jteration by premultiplication may o
be used if only the frequency is desired, thus yielding no information about
the mode, however, The process may be repeated to yield the third mode and
freguency {rom a matrix 83 similarly obtained from By, etc.

This orocess is used in the following to obtain the second and fourth
modes and frequencies and the remaining frequency without its mode, in the
present example. By is the square matrix previously encountered:

1.2 .9 .? 02
3.2 1.9 1.7 1.

B, = 1.2 1.9 2.7 2.6 x107°
12 L9 27 3.6

Iteration by premultiplication on Bj. is performed by first selecting

any arbitrary row of numbers and applying the procedure described earlier for
premltiplication and iteration., For example,

selecting the arbitrary row
tion is as follows:

27876

OS 07 l9 loOJ £ ﬂle‘ ﬁr’t premlﬁplic&- )

.
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[5 7 9 1.0J[i2 9 7 6] .

1.2 1.9 1.7 1.6
1.2 19 2.7 2.6 L2 53 6 7.3¢]

1.2 1.9 2.7 3.6

Normalizing the remult yields a new row

B"%% 3% 7% ;/'5“?]‘[”6 P 1.006]

Repeating the premultiplication and normalizing until values of the
results converge 80 that altsrnate columns. show negligibls differences,
tha following row matrix resultss

[3783  susee  6mows  7.u4388]

Note that the natural frequency for the first mode is given by the
relation 105/W3® = 7.44388 (compare with previous solution for

(AN Jo The figurcs in the row, however, tell nothing directly
about the first mode, Normalising yields the row matrix

;50822 73640 90801  1.,00000]
Thus X-E; is
1 0 0 o .
6 0 1 of=TR

".5082 -om‘ -.9(30 0

;ﬁ€= 31 ( = Ej) is found by multiplying, row by colnm., giving the

-89508 +45816 1550
38688 72176 « 24720
J2132  «,0l464 «33920
'062952 -0751010 -.56880

Iteration by ccluxn postmultiplicasion on B; yields, in the
Iinel two columsas

=1,33224 =1,10%700
- 096577 - 080249
20338 +16899
1.20347 1,00000

This gives (Db = 107/ 1.20347 = 83093, (th = 288,26 redians
per gecond, and £f5 = 2753 cycles per minute,

The fisal column gives the second mode,

x10°0 B,

QOO

Iteratica by row premultiplication on By yields the f£insl row
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[1 o9  wm o]

The normalizing this time is dune by dividing each time by the
term, Thus E, is formed by placing the normalized row in the
row, and I - E3 beconmes

e

0 .=.53760 - 44781 0
0 1 0 0 I-E
0 0 1 o|= 2
0 0 n 1l
Then B, = By (I -Ep) is
'.38107 '0%563 5
x 10 "= 3

«09911 «39353
".lm we 28&9

Iteration by column postmultiplication would yleld the third mode
which, thaugh not calculated here, is listed by figures in Table 11,

0
0 «35902 07395
0
0

QOO0

TABIE
Characteristic Modes for Four-Displacement System

Mode ist &ad 2™ 4th

@ 2818 -1,206 -1,1110 -.5130

. 6150 --.8024 .7070 1.0000 _
©s 8657 .1687 1.0000 = 4Bl ————-m -
Gs 1,0000 1.0000 -,8640 @ .3847 -

If only the frequency is desired, iteration by row premultiplication
on By gives the final rows

[o 43949 46364 0l
Co 94791 1 0]

Here the normalizing is done by dividing each time by tho third term

30 that 105 /ale:* - 4636, g 46442 and T = 4435 cycles
per sinute, Also I - 33 is formed after placing the normalised row
in the third row: )

1 0 o0 o
0 1l 0 Ol=2-k
0-947910 O 3
0 0 0 1l
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The final matrix, Bh = B, (I- E3), contains only one non-zero column:

3
0 -.14823 0 0 .
0 .28892 0 0 x 1075 . B,
0 -.27392 . 0 O =
0 11115 0 o__l

Iteration on this is unnecessary, the immediste result being CJ,,, -
0%/ 28892 = 361165, Gz 588.32, and £ = SAI8 cycles
per minute. This follows because the matrix Bq. would occur in an

equation of the form of Equation (1b). In the non-matrix form (Equation
la), the second equation would be

2 . 10-5
To find the mode, it mey be noted that (f) = -.14823/.28892 = -45130;

- . - , - =.9L81; . 28892
) 3(8% = 1.0000; Qos = =.27392/.28892 = SL81; () = 11115/,2889

Th's mode is included in Table II,
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= Discussion of Non-Dominant Igtent Roots of a Ianbda

Hatrix for Elagtic Svgten

It has been demonstrated that when the dominant root of a ®*lanbda
matrix® (i.e, typical frequency matrix as discussed in Part A) has been
found, the remaining roots can he obtained successively in order of the
moduli (absolut< values), by the construction of auxiliary matrices
which contain all the latent roots except those already obtained, If

)g‘, is the dominant root (first root found) and K; is the matrix row
obtained by iterative premultiplication of the matrix{ U] amd it Ko

be any non-zero element (number) in Kj, then the matrix E (See Part A)
can.be defined as that square matrix which has Ky/K,, for its rth

row and its remaining n-1 rows null. The matrix [V] which contains all
the latent roots except the dominant root is then

[vJ=[] [1 -=]

In genersl, then, in order to obtain the higher roots by this
method, it is necessary to obtain a rog XK by iterative premultiplication,
However, for the special case of a conservative system oscillating in
simple harmonic motion, it ccn be shown that if the fundamental mode is
known, the matrix K can be obtained without resorting to iterative
premultiplicatioh,

in tmportent property of any lanha matrix isi if { be the
modal columa for the root )\ and K be the matrix row obtained by
iterative premultiplication (modal row) for any other root A g then

[x!!] [ﬂrj = 0 (re)
This is known as the generalized orthogonalitv condition for lambda

matrices,

For the case of the lambda matrix of a conservative system the
generalized orthogonality condition reduces to a simple form, As an
example of such a system, consider the case of bending of a
cantilevered vibrating elastic structure. For this case it can easily
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be shown (as consequence of Maxwell's Reciprocal Theorem) thats

@ i mi Ry R =0

where
generalizen .ass “acting® at station i
maximum displacement at station i when structure vibrates

in r¥B normal mode

b |

“ri

‘&s' maximum displacement at station i when structure vibrates
L in sth normal mode

Equation 3 is usually referred to as the orthogonality co i
for normal modes of the structure. In matrix notation becomess
mhJ[4] -
[ F -&s o

Now since for any lambda matrix [lg.:]['ﬁ '] = 0, then [ni -ﬁ,]['RJ
= [Kr] [‘&‘] (up to a constant factor) or (B [m '&r] = [Kr]

(up to a constant factor). Now if any none-zero element in E m -ﬂr]
is equal to the same element in [_-Krj then each element in [m o'grj
i8 equal to the corresponding element of [Kr] s l.e,, if

["1 a, ==-- an:, » Ebl l.'::2 ----bnj (up to a constant factor)

and if a = b, then a; = bl’ a, = b2" etc.

Thus,if the matrix [ K| is normalized by dividing through by sny of

its non-ze;'o elements and the matrix [m 4&J is also normalised

using the element in the same position as for [KJ, then the two are equai.

Thus is furnished a means of calculating the result of iterative )
premultiplication for elastic systems without iterative premultipliication.

21576
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Pert C - Computation of Higher Vibration Modes of A Conventional
Adrplane Wing,

The orthogonality condition for the normal modes of an elastic
structure (See Parts A and B) can easily be applied to deternining
the higher modes and frequencies of an airplane wing of conventional
configuration, The application extends equally well to the determination
of both coupled and uncoupled higher modes. If the wing be considered
a "froe-free® gystem the symmetric and unsymmetric higher coupled and
uncoupled modes can be obtained by setting up the matrix [E
{Equation 1), by a simple algebraic operation involving the orthogonality
condition (for the specific case in question) and the unknown modal
column, In the following sections the elements of the matrix [EJ are
de ;ermined explicitly for each case,

X mmetric Bending of a Free-Free W
Xn
Equilibrium
—~———_ %o _— Position

If the displacement from the equilibrium position at station i is
given ;2 X{ for the fundamental mode, and if y; is the displacement
at i 4n the second mode, then orthogorality condition is

® imixiyi:o Or My X, Yo+ M) X- Y1+  ceedBy X ¥y = O
°
Wher the system is oscillating in the second mode the balance condition 1§

[-]
Now ¥, an be eliminated between (5 and (6 by miltiplying equation
© vy x_ and subtracting the resulting equation from (® ; then

X1516




m (X3 =%) y1 4+  mp (xp - Xg)teeatmy (x; - x)2 0

@

Let the last gtation be used for normalizing; then if

anl - R (x"xo)’anz:m (xz-xo) $ eze ;am-:l.
B, (g, =%, ) oy Xy - %)

the matrix E becomes
3 0 0 0 X X ) O—
0 0 0 ece 0]
@ .. )
®nl  %p2 O3 1

and [Vv]= [UJ [ I - EJ4s the basic matrix to'be iterated by post-
multiplicetion o determine the succeeding modo., -

Unsynnetric bending
The orthogonality condition is the same as that for symmetric bending,
i.e., £ W' X3 y1 = o0; however, in the unsymmetric case

the Jeflection at station zero must always be szero; therefore, following
with xo 0 we can immediately write for this case

— - m—— e v —— & ——

@ e - m T 5 a2 _ M X3 ; My L B3 X3 =e- mp= 15
m X L By ¥

and [E] is of the sare form as @ .

Torsion

Since the fuselage pitching moment of inertia is usually very large
compared to wing pitching moments of inertia the uncoupled torsion modes
are asually considered to be cantilevered modes. For cantilevered torsion
the orthogonality condition is , .

Lo, = 0

Where I, is the mass moment of inertia about the elastic axis at station i;
0L;” is the maximn torsional displacement about the elastic axis at

2/5/6
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station 1 in the fundamental mode, and g‘- is the corresponding dis-
piacement at 1 in the second normal mode.

Xn In ok n e

Coupled Modes (See AppendixIII)
The orthogonality condition feor coupled modes is

@ Z [mazys+ Liai® + 8 (1@ ¢ yya{) = 0

where- x; 1s maximum bending deflection of elastic axls at station i

in normal mode (a) .

of;, is maximuz torsional deflection about elastic axie at
station 1 4n normal mode (a)

¥4 is maximum bending deflection of elastic axis at station i
in normal mode (bg

O; is maximum torsional deflsction atout elastic axis at station i
in norwval mode (b) '

S; 1s static mass woment about elastic axds

I, &
@ anl:—-I—i—-—‘- 3 82 = 12“2 3 ecse 3 8 = 1

®

is equivalent to @ .

(my X ¢ 8oy } 7o+ (my Xy 4 mycty) vy + cect (my Xy 4 B0, 7p o

*(Ioke + 80 X) O + see & (Inxm + 83%y )&,20

nce Conditiong: svmmetric coupled mode

$F1‘° = g(
$uzo = 3 Guw+noi

where Fi is vertical force at 31 and lli is vorsional moment at 1

m vy - 838 )

Hence

B Yo + B Yid eood By ¥y 4+ 8,Q,+ 0o +8,0pn = 0
14 so yO + 81 qu\ sesy * an yn"‘ I°G°+~'°+Ine“ = 0

Rltiply @ by =x, end @ byo(gand add results; then
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(m, x,+ 80«0) Yo 4(m x5+ 810) y1+eeo +(m, xo + Bneg) ¥,
(So xo + qu0)9;°+.--'+ (Bn x°+ Inqo)gh - 0

By :z;:t;:acting @ from @ Yo and Qoam eliminated. The desired
res 8

[“‘1 (x3 - x,) + 8 (d.-a’c):] i + | m (xp-%) ¢ 85 (“a'dﬁ)] ¥

to-m b (g - x)+ sy (aya) ] T, 4y (xy - x) +I; & -d
. +E!n (:gl-xo)-i-lnn (‘:—d‘)e]h,no' [10 1~ %o 1 )J@n

If the coefficients of y3 oo ¥y and @, ...OG,ore selected and
normalized on the th (last) element, the results are

m (X2 - Xo) + 82 (o(g g0

&nl - ml S'xl -xoL“f' 81 Ldl - ﬂoz H
By (%p =Xo) + 8y (an -y )

82 =

my (x, = x;) + 8, (An-a) 5

m= 1 ap. bl o1 (3 - %)+ 11 (o, = o)}
M (X, - %)+ 8y (dn-&p )
esoe 3 8y ,ah - an (xn - xo) < In (xn-“o)

The matrix E 4n this

Since for unsymmetric modes

the elements &7 «o0c

8 mlﬂ""l“;_

0 0 4ee0 0 vees O
o o [ X X ] o' 0 2800 o
ST T

. 2
0 G... 0 o tgl2n
o 0 0 o0 0

my (% = %) + on (0Cp-oc,)

case 1s of the form

tric Coupled lode

6, Xg, X, and y, are always zero,
2n can Be expressed immediately as

8o » 12%2 ¢ 82, 5 oer 5 A7 1l;

8 s

L3
’

nl =

Bn Xp + 8y n

an*n’,l:a; XJ*I; L#_L,_;
3 &l

™ *n

" %+ 8 %n

anl:2n o %p i
v




AFFFNDIX 177

COUPLiED XMODES OF VIBRATION COF A
FREE-FREE WTNG IN AIR
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l Pary
f

. gquiiribrium Porition
Xgl --\J-/ /
T

STIMETRIC MODES

Let %7, X3, «vo X, ©C the total bending deflections, from the
equilibriuwm position, of the elastic axis, at stations 1, 2, «c.s D,
et x, be the displacement of the centerline (station zero). Then
the displacement of the elastic axis et station 3 relative to the
centerline is x; - x,.

Ifa, , a, ees a}n e the bending influence soeffisients,
then the deflection relative to the centerline, at any station i ,
due to forces Fy , F, «eee Fy acting at stations 1, Z, e... B,
respectively, can bs written as: x; - x5 = 4y, P+ 23, Fo i

435“ Fu

\
ss 00

er

1= % = a11 Fj + 2312 Fe_"'oooo-oo‘fal.. Fn

x:;"'xc 2 an Fl + 622 Eé +.oocooof%_n Pn
. |

‘ 0 |

Xp = Xp R 8py Fita;, Fateereodpy B,

‘ 4 snb of equations similar to 1 can be «titten for the torsional
{angulsr) deflect.ons

“,' "’uo.‘:‘ b;' }v'l.‘ > blz M‘?,'*""“‘+b]nun
= b
xz. _“O - 21“1 + bszz oo.o.‘i‘ba‘ % @

|
1
{
|
]
1,
. :
|
i
i
|
|
1
|
i
3
4

“h vd.oc "nl El? bn?'uz+aooos+bnn%
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anguler displacement of wing at station 1 , about the elastic
axis
torsional influence coefficient

torsional moment acting at station 1

Equations @ and (2) give the deflections under any load, Now
if the system 1s oscillating in simple harmonic motion about the
equilibrium position, with frequsncy () and if the maximum die=
placement of an element of mass d&m -is hy, then the inertia force
due to this element of mass is:

@F = Wiy dne WO+ Fal) de 3)

e.a

t w” M

\Jt‘ kh(
\

pv mamere  asv— on—

/

The' inertia nmoment about the elastic axis is:

dm =u)"r1 b, dns= U‘(ri xid‘ra-i- ri ®; ) @

Then the total ifuertia force and moment at ststion 1 , is obtained by
integrating chordwise.

Pi-‘-’

ﬂi:

where

w a9

¥
S5
1,

W’ T‘”s../:dﬂi v fram]e Wi %] ©
W afnm o wfg @] O ne 0] ©

total mass at station &
scatic moment about e, 8., at station 1

mass moment of inertia aboub e.a., at station i

—
ettt 8l B

R a s st it
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It should be noted at this point that the analysis which invelves
the inertia of the wing alone iz strictly speaking appiicabls to
vibration in a vacoem. In order to determine the coupled frequencies
in air, 1% is pecessary to consider the "inertia" force of the air
oscillating with the structure.

From flutter theory (See Appendix IV) it ca» be shown thst the
inertia force and moment abtout the elastic axis, for an oscillating
airfoll sectior peor unit length of span, is:

= 7.!,‘_’_C"'(- §¢+.@g&~}
dui -;{;c—‘(ﬂ/ Y-—L—[—Jwi-/%]d )

wicTE

C; = total chord length at station i

Ai - distance between e.a, and midchord at statien 4 ( <+ for e.a,
aft of ~idchord)
]0 <  density of air
for harmonic motion:
y = - WX ®
34 . . L )
&L . - L-"r) d'L

4 »
substituting in @ 2
dFi - W f «’

4 [xi—-IdJL“Cj

" wpwci [ Mm(vt««)&]@

Then the totel force and moment on an element of lemgth A& 5.: along
the span is (.ner*ta oi air only)

-'zfc Ayi L-

i»'Lf/iA’i

xy - A/éoqj

Sl NG PUCy Wy

¥ erd (X[ are the average values in the interval A Ty
The total inertia force und moment (structure + air) acving at

pree
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station 4 is:

F=otl(m; + ‘2;-%—&& )%, + (Si- yciﬁem)mj

= O mini+ Sioci ] ®
ciayiai pctey; 'gcfﬂm@-
mi s (.)‘[(si" :L*i_)xi +“'1(Ii+ x ‘:;'y + X L
- Utfgi xi“'iz d.i,j

Substituting @ and @ in equations @ and @ equations @
which are 2 h homogeneous linesr simultaneous equations, are obtained.

2% = SR.aux, + iy RugXg+*° " Mip@ynXy+ S0+ iﬂ:‘a'-"ia..«}
Xp-Xs ’Uz[';a“u‘a + Py Ky b oo My Quakpt S A, beee e *'S_"euql
o~y * Qz[g;b“x. + .S—zbu Xo o vooeee g; b”,x,, +I—. bn“, }I; Lll.“l";.”.-rhbnﬁ]

oAn-e® 6.)‘[3,5,,,%, "'—S-Lbnzxa"‘ ‘ ""*ghbm "n*fn - AL R ”il?nndn]

Now for symmetric vibrations each half of the wing must be in
equilibrium

2F =0
2M=o

That 18:  (sincel) ¥ 9) _
on. *;.x' L ARTERL 50“”“‘ SQ“D + S.d, L L ST“” = O

§° xg.‘. §‘x-'+ ..... ghx".g.foda.’.l'“'* ...... I"“P' Po) @
Reand X g ca be elininated from (1Y) bty using @) ana ®

this is wually accomplished by multiplying the first equation in (13
2r5/6




by m, the second by =, etc. To the n'h by'ﬁn,.tha (n4l )by

§1, (n r 2) by 5, etc., adding the 2n equatios the following is

. obtained: . ) @

n n
nl x—l“‘ fiz 12 000+;n xn+ gl“. * 32“1 + oooo.sn“h _%S;i‘«.ig s
. .
wt[ﬁ z.l‘“Az x2+ ooo"’An xn'*Blﬁ*‘Bada-}.oo + Bn«"
Where 4; is coefficient of x4

etc,
By 1is coefficlent of of;

Now from @

- (§°x°+ Spe )= B +FmXy 4 a0 EUTIX +.o +5,0p
Therefore, the left side of ({8) becomes
= Xo Zr‘ﬁa"da 2 S;

mass of %+ of airplans ° ( + air moving with it)

static moment about e.a. of % of airplane ( + air
moving with it) e

and if

nn

Ten: - [ Xo = g“o = w‘EA,*.*'ALX,j- o Apkyt Bn“.*"" B..d;,

Another expression in x, and i, can be obtained by multiplying

equation 1 of@ by 5, second by 5p, nth by T, (@+1) .by

I, etes to () by L.

Adding these equations: n

i1+ 52X2 4 oo HpyE DA, + Toa, coetIn A= Xe BE-Q‘ZI;,
= & E:lz, +Cy Xy ke 4 Ck #D.o 4oees. + Dn"‘a] ' '

where

Ci is ¢ efficient of x
Di is coefficdent of &
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Irem @ V
=~ Boko~ 1o = J3X, + Z2X; 400 TaXp+ N +T2e; .. Takp @
Therefore, left side of (6) becomes
'X.g 3 - u,i I
and if Y pitching mess mozent of inertis of # of alaplane about 8.8

(plus asrodyramic effects)
then
- 3% —Ix, = (J'[C,x. +Cotp+ oot C.,x,,+ D,cc,+D,o(,,+---D,,a(J
from @ and (9 wo can solve for x, aud of, in terms of X3, Xy ...

X, &, @y, o and GJ). Then x, and of, will be of the form:
U]
X, = c,_;D:‘,x, +E %X, + 0 en Ehxh.‘. G+ -+ G““”j

Ao = C:J"[ Hx, + Haxpg ¢ Hp Xp + Jiaky ¢ 4 n‘ihj @

inbctituting in @ for x, and ¢, the resuliing equations are of the
OTR$ .

x.l =z wz [enx, + €39 xzf"t- Omx"+ fu“' + flzda+.. fin“”J

n
q' = d [ gnx. + &2 x;*--. Smx”*kn “, $ovocen khqnj
. < ~
Ane WL g%+ 8pXpteonB X b Ky, #-eeveer k_on ]
2/85/6
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The above set of 2n linear homogeneous simultansous equations in
2n + 1 unkrowns can best be solved by an iteration proeesl. The method

generally used is identical with the one used in obttining m nnconphd
nodss and frequencies by matrix iteration.

Anti-Symmetric Modes

For the case of snti-symmetric motion the wing elastic axis at the
) centerline dves not deflect vertically., However, the fuselage rotates
through some angle & and the tangent to the elastic axis at the
centerline rotates through the same angle.

f

If y; is the distance from o station 1 , then the deflection

of the elastic axis, from the neutral position, x;, with respect to the
tangent 1ire is x, =~ y; @ . Tae deflection can then be expressed as

a Tunction of the influence coefficients and forces acting on the system.

X(-v10= QuF, + Qi F -+ - + QinFr D

For anti-symmetric torsion the angular deflection at the is sero.
The torsiongl deflections can then be expressed as:

s bi'm, + bia”a* .......... bi“mn . @

The necessary belance condition for % of the total system is that the
rolling moments for each half be sero, The balance condition then is:

Ioe + ﬁ 'IYC + n x;y&*“""‘ ﬁhan” + g y‘ “. b b wShYn“ni (o] @
where I, is the rolling moment of inertia of ¥ fuselage and tail

surfaces and effect of air moving with the structure. Equatica is
used to eliminate © from equation The analysis for the ant{-symmetric
modes from this point on is similar to the caze for the symmstric modes.
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Orthogonality Condition-Coupled Modss

Let

=« bending deflection from equil >rium positicn in the 1R
coupled mode, at station 1. (Second subscript denotes mode)

Xi4 = coupled deflection at station 1, in 3*8 modc

ol ,o(.;a‘:torsioml deflection in gt and J*'h modes at station 1

X; = Wh

Then equation’ 13 for i¥8 mode can be written

N (X "Xoi)’ ('ﬁlx,i ¢ ol )a, +

)\i(Xni:'Xai\ = (P x, + Sot, ap +

>\1 (dni"' d.l) = (§, X +T,K,i)bm G revenees
Similarly for the J mode

k,-(x.i .-X.J') = (Fﬁ.x.,' + 5,0(,3-)3“ $oanens

Kj(x,#:x.a‘) =(5,X,a° + id,a)am.,.

Nl -oteg) =(5, 55+ Tetygd b+

)‘j(d»j:-d‘é) J¢ Xig +I, d‘i) [

in equation C5)mdtiply first equation by

4 (Mp %y + S Kni l@in

S ....+(5,,X,,‘+'S-h dhi)am'
A( (d;i"d.(\ b (S. X + I. a,")’b“ gooooees -

o+ (S,,X;,; + ih A ni )bm

cosodpe (s-h X,,i + ‘ihdh()bh.

4(5,, Angt §.,o(,,a')a,,,

*(ﬁ, x,,j + -S-,,d,,i)q“ @

. ..-+(s-hxnj + fhdh#)EE"

S,




5 2 X7
mltiply second by (ﬁz x,_.p- -s-"d"é .‘) etc. to n“"h
( ny x,,a'.+ Sn al.,a;) Multiply equation n+1 vy ( g.!‘sa‘:‘, :.E.“.a') stc,
to equation 2, by (énxna' + In“a;’) |
Let, the new set of equations be denoted as equationa @ N
In ecuations miltiply first by (M X0+ Si%i), ath oty

(Pt Spatns), (ne1) by (5%, + Letii) . 2n" by
(gh Xn: +Ind”-) Let these equations be denot,d _. squations
[8 (3 g

equation by

Add equations @ and obtain z @
Add equations and obtain Z
ThenZ ~ S (@) yields zero on the right side of the

equation, .
A; {.i ﬁilii XL1', - Xcu', $ fﬁi Ma‘ + $§‘ Xid eLia- - xoiz s‘,“‘,é +
iii«u“(a"’aogiigdiéi-i% ‘.id“"uoiggi xli} @

i- . n n - N -
~ A {, mXii Xig ‘XO;'ZF"’E.XH +Z. S;‘,"‘ia i K.;'.ZSaaLu +
Igd({dia‘_ - d,iil‘idu +Z § "(naij - “‘éisii xu‘}-?O .

or
X; [Yﬁﬁ‘-xa x,:a' + i.s-., X’«.Ld(}' + gf: d&i“i;’ + ii xlj“it
"xoi[i: m; Xig + iic&;] - &y [2 Iidi;' + i §i "‘t;’]}
_ \'). - » -
- X; {2. Mﬂu&;‘ + ;- sinildij + i I.’d.’i 0((3‘ + ; Sa"; olil
- Xogfg-mxa +3Sau ] - do,’[ifld-ufi 5;;:] =0

No- by and the coefficlent of x4 ,a0¢ » Xog and &£ o i

D

2 -— \)
(a\.'i-'&){g(ﬁu Xii ’“3‘ + Sg Rit “ij* Sng;'du + 1 du“ié)} * O'

are each zero in equation @

2/8/6
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Fow since by hypothesis (J; * Ua' ’ )q_ ¥ )\3 then:

_ @

Z (ﬁ‘ Xii X,;a' -~ Si Xii d;j + S; XLa' olii + Igdi;_“aj)-’-o

This relationship (Equation @ ’ ) is referred tc as the
orthogonality condition for ccupled modes.

Higher Modes and Frequencies

Higher modes and frequencies beyond the fundarental can be

obtained by setting up an auxiliary matrix, in a mamner similar to that
used for the uncoupled modes.

Express @ as Z%gma* ggi“‘u: c @
Express @“ZS}X“ + gi"“ii-‘o . @

Nultiply @ by Xsj and @ Y o(oa. and add the
resulting equations, Them: (io xoa- + Sodxoj. )5y +

(ﬂixoao 4 31“‘*3 ) X, 4 .....
+ (% g + sn“oj)xni + (Sexoa' + Io“oa’)aoi
(S'n xoj-t- Inioj' )“M =0 @
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Fow @ can be written in the Yorm,
(Mo a3 + Sedtog) Xar # (muny +Si%:)%0 == # (Fin Ky + Sty )5

+(§o x"é + quoi)“oi. seenee # (ghxhj + Ih“na")dhi *0 @
Then subtracting @ from @ Xoi¢ and O 5¢ ire
eliminated.

Then:
Cim (i -%a3)+ 5,6t - )Ly qLA® ~Xoj )t Suloy - te )i +

"t DAy xeg) ¥ Bolotng et} + 30 g+ L eyt et

b+ D8 (xpi=Xeg) & Tyt ~ctogllotni = 0 &

o &9

A‘X,i + Az‘ xu X SRRRI Anx”l + B,d“: + B:.o‘:.i“' """ B,,O',,fo

Now if the nth element is used for normalizing then:

A, A . B B
@n= Bt Aot B b QAuye I Quyig A 247 A,

ad [E] is of the form:

0 0o o o B T Y - @
(o] o] o [s] o o e e e o 4 e 0
q'" ah’n ' qﬂ(’i’l,' L a,.,uh)
o] < o A o
] (4] <] - - o
2,576 . 4
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THREE DEGREE - THREE DIMENSIONAL
FLUTTER THEORY




Iv-1

Sonsider the motion of an airfoil secticu as the deflecticn
domward of the elastic cxis, a rotation about the elastic axis,
and a rotation of the alleron about the aileron hinge line,

:m'lc‘""‘ eb y aileron binge

. ' b ' Velastic Narleren /u/lgy
axig edye.

- , L

73:)

Fioure 1

Ir i (x; mass per unit span of wing-aileron, at station x (slugs)

Ix(x) mass moment of inertis per wnii spen, at :tgtiu'; x, about
the elastic axis, of wing-aileron (3lug-£1<)

S«{x) static mass moment per unit span, at x  of wing
sileron chout the elastic axis (slug-rt)

Is(x) aileron mass moment of inertia per wnit span, at x;
about She aileron hinge line _(slug-ft2)

Sg(x) aileron strcic mass moment per unit length, st x
ahout the allercn hings line  (slug-ft)

b ~eaichord length, at stution x,  (ft)
(S-2) b distance between the elastic axic and the ailsrom hinge
in feet,

-— P—— - — -

If the wing 1s moving with velocities h(x}, o (), . (x),
the kinetic energy per wnit length of spun iss

AT = tmwhoi’ v Lot 4 4 Ip o000’ Symkenge @
+ S, hmdtes) + [ S;tme-a0b +Iﬂ (xi] B0 (X)

Equation for the kinetic energy is the expression for a two
dimensional systen,

In order to simplify the analysis a basic azsumption is made at
this point, Namely, that the aerodynamic foroes and moménts do not
the shepes of the normal modes of vibration of the wing,
Thus whils the flutter frequency may vary, the modal shape is aswumsd
¢ to remain unchanged from the ground vioratice normel modes,
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The motion of the wing can then be oonsidered as a superposiion of
the normal modes.

£ £ (x) denotes the uncoupled bending deflsction mode, £ (f)= 1
wheze is the semi-span of the wing,

P (x) denotes the uncoupled torsion deflsction mods F (£)=1
(9 (x) denctes the sileron deflaction mode P(4)< 1 ’

_Px)
E}f /E £1)=7(0)- (pLA)e|
i W | -
j‘ﬂf X
// .
£ —
4

Figure 2

ol (x) ran be replaced by ol F(x

3 (x) ocan de replaced byﬁp b 4
Now the aileron is usually very stiff structuraily compered with the
sontrol system, If the deflection is therefore considered to be control
systen defledtion only (s reasonable assumption), the dorhotionﬁ(z)
elong the span oan be considered constant, i.e. ¢(:) =2 1,

The tohl kinetic energy then m

%
Ttk f moolFonl st + 4 & ¢ TunlFoul gy + iﬁ.[ Lovas + @
h ,@,[ Sfta+ ha f' S Wt feo) ol m.ﬂ[ [q,tuxc-.)b:L(xﬂﬁoé

(where [ represents inugration over the semi~wing and / “eprasents >
integration ovar the ailsron) .

Ther hgxi can be replaced by hféxi

Te i Ma' § Lo+ 48+ S b6 + Sehe ¢ B a6 @

where 4z equztim (D

et




] Spimd
R 5 [0 (c-a)b+ 1;,cv>jF‘<m£¢

can be considered physically as

S S fmFeo dx

'I"xe above exzressiorns for ¥ Ty, ete.
Yyeizhted" mass of rechunical terms.

Potential Ene:;g

The potantial enex:gy stored in the system when the system is deflected,
is strain energy of bending, torsion and control system strain, The total
strair energy can te written as:

Ur | Eofd [niedde e £ f6 00 Lurallde tigf @

where EI(x; is bending rigidity of wing at station Xe

3J(x) is torsionai rigidity of wing at station  x, (including
interaction of spars and torque boxes).

% is torsional spring constant of aileron control system.,

kg

) 2
Then if K =é 51""){8{;‘&(’@}5&

-k ogr JJG Jo) { ;g,;(_m]}tl«-

the potential energy can then be expressed as.

Ur §ryhts § Kooe g Kot
The above expression (Equation ) for the potential energy

contains quantities which are not easily cai:. lable. In order to cbtain
simple expressions for the cocfficients of the potential enargy, suppose
that the wing is vihrating in a vacumn, so restrained, that at ary time,
it is free to oscillate in simple harmonic motion, in but one degree of
freedom; (i.e.)

®

() first restrain the wing so that it cannot twist, with aileron
' clamped to wing.
(b) then restrain wing azsinst bending, aileron clamped, wing
permitted to twiet only,
(¢) then restrain wing against bendiny and torsion, aileron iree

to oscillate, . -&*
h= he
L= ‘5 =0

For condition (s)_ :

Ks-wyh

256




(b) ?'(2 “oe‘i"w‘t
oLs: =W
h=4=0

For (c) p ﬁ‘e‘“lf

. /3 = -wp ﬂ _
h=a=0
For condition (a) Lagrange's Equation of Motion is:

A(3D)+ z0-Mh+kh @

(‘NU:+‘(;,)"|=° @
hence 2 '
- kh = m wh @
Similarly for conditions (b) and (c) above the values of ko and

k ﬁ can be expressed in terms of the uncoupled frequencies:

k. = I, @3 |
1,mmmk -.;I A ®
— S U"émwhh"'il (.),(oc-*zI,aC,},ﬁ @

Aerodynamic Forces (Ref, AAF TR h798)

The total aerodynamic 1lift per unit span is:

L= wfb W'l ho + 'n'fbw iLL (i"“)L.,]d(x)ﬂ_\-ﬁ \s-?)LJﬁcx%

The total oscillatory aerodynamic moment about the elastic axis per
unit span iss

fi* spbuln-treallhas apbe il -t 9,
Hi2e) "Lidaoy +[M-(i*2)L, -(c-e)n, (c-e)i+ajL,] B m}

The total oscmatory torque acting on the aileron about the aileron
hingo 1ine, per unit span-is:

T'wfbw Ti-Cc-e)R Jhess + wfb‘w'{'ﬁ -C-)R-(+4Th 5
+ Ghra)e-eR Jat) + [T, -(c-eX B +Tg)* (- e)'PJﬁm}

Where in the ubovo expressions the ooofﬁ.cienta defined in terms of
Theodorson's T, F and @ functions (NACA TR l;98‘lnd the 'aileron terms are

for the as cnllf balanced aileron and are defined by Kussner's @
functions ( T 991). These coefficients can be summarised as:

xesré

&




Ly=i-25 (Z%)(F-ras) N o

La‘é'j(ﬁ:)ﬁ*l(f’-&-a'_e)j- z(ﬁf(f—;_‘_ . 6)

Lo* # + §(30N7) - 4G5) F(F+ jO)-2(5) Frvgo)
er' 'Zj.(bw) %(F-P?’.G); 2 -

et j
My = g'?(ﬁ) 3

e D o GEX ) Ga( e )
N,- "1(bw)£*"“¢‘

b -%L-b’(ﬁ)-n"(ﬁé(;)

T - -,,'-[T, +(e+1)T,] -.}(bw)(u:ﬂ__ﬁ) ?(bz-) -'z(Ffa_G)

= (B:ED) “:.(F*'H'G
7;.= ~(%)+ a'(bw) e ‘3.(;7., T‘BTI%(F;.}'G)
- (B (=55 - (35)( 52)F-46)
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To= -4 (85) 52 (F+ 46) - 4(50)( %2)

+ 5 Yy -
Rz‘aé(ﬁ ?‘;‘T!L(F+1'._G)+ %
B -2l5)+ 465] B(Frje)- (55) % -
¥ .
3L+ 14(55) 6] (. O (5 &

-1'(?5),2;-‘? + %"—’}}

R= -ag'(ﬁ)q%f‘*(r»f?‘G)-j(ﬁ:)%?

+ —-;(;"

-i.

7

Generalized Foroos
gensralised force inthe h degree of freedom Qj is deﬁru;ed
+*

-Tbo
from the virtual work done by displacing the structure from h to
(by tbe air forces), all other degrees of freedom being Held constant

27576
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during the displacement. Then

W= L' §ho-L Tobh
Q- & L' foo

Similarly
Q- Y. F'Fe
fa .
Qp ".-Ss-%/= T(P(K";T‘ Csince ?9(&)#) |
And for the entire w’mga
Qh- fL. 'F(X)JX'

Qu = lﬂﬁ'F(x)a@p | &
Q,gz.‘g’ T’Cef

. If now in eguations @ @ and@ h(x) is replaced by hr(x),

2/8576

A{x tv. Fx) ad g(x) by & then the oquations
for Q. Qq G (equation @ ) can be written ass '

Q- wfwz [.-Am,h + A +A.,‘,'/3.j
Qu: "ffw [Auhh A,MO( ‘*Aupﬂj
Qp 77/’&3 LA,ahh A,ud. 'IAA,,gj

. Where




Iv-8

A [T o Ly
A [Fo0 FonLLo-Gira) Lyl 4y
A [ B [Ly-Gc Ly 1y
An: fb’fcx) Fm[ﬁ.,-(i* aSLa-]aﬂp
A [ B ol T (el )+ 0Ly D
ey [ BP0~ ()L, ooy Ge-eXi LT
As f,f'b’f}x) [T,-(c-e)F ]&'
| A,f['b’-/_?nﬁ;—cc-e)a—<£*«)77.+cé.+ai(c-e)f£]4

A [T -eolBe T c-efRIe

2,576




"7 the aileron span the term _v_ can be replaced by . FL s (the )

V-9

-

It is to be noted that the evalustion of Ly eees Py becomss more

difficult for the tapered, three dimensional wing that for the two
dimensional case. For every assumed value of 1/k, FL varies along
W -
the span, The aerodynamic ccefficients mst therefore be included
under the integral sign. Needless to say the computation of the

aerodynamic terns "hh cene Aﬁﬂ becomes long snd tedious
Now, since (F + J G) dces not vary rapidly withsg_ y it
(A

will be assumed that F + JG is constant along the span lor any assumed
value of 1/k, If b, 1is the seml chord &t the 3/, spen position then

(P 4+ jG) is assumed to be a functionof v_. = _Ll. .
: bW k
The aerodynamic terms are functions of _v_ rexplicitly as well
bw

as thru F 4 j G, To simplify the analysis further assume that, for
bw w

3/ span position is usually approximately at the 501’ aileron position,j

Therefore, the aileron aerodynsmic terms can be expressed as functions

of _v and e,

bW
Howsver, for the four wing bending-torsion serodynamic terms it is
incorrect to replsce v by ¥ . ’

bw by
Examination of Iy, Lﬁ, and N o on pege 6 shows that these terme
are functions of v_, and { _v_ )2 . They can be vewritien ast

bis (bhe)
by e :
Ly - "" AR (b%m)(F*z G)

b+ [-6E)-2i(Z 19 T P9

Mas 3+ 2 [- (5]

o




L= KoL)+ 2 K(Ly)
Lo KLY+ %K,(L) (RN KL
m 'K.(ma)* 'g'.Kz(N,)

Where ‘1 (Lh), (to be read as Kl of function L,) is the consiaxt
rert of Iy, xz(xh) is the part of function L which is a function

or

of _v 3 x3(1,¢ ) is the part of function L, which is
b, e '
function of ( :u ) 2 , etc, Sirce K, @) = 1, Kl(Lg)z o5,

K (M o ) = 375 and 'h = .5 the expressions for Ao “hq

T A and Ay,  finally become:

, |
A, = [ bLfolde + b KL, [ z[f(")]:éﬁ

A~ [ ;é’f(x)f?x)dp + é,/(,,(L,,,}{' sz(x)F(x)J;
b (L) broords - b, k) et FeoFia dy

; '
Ay~ [;Z'f(ﬂﬁx;sé;-é, K( L,,l[( $+a)h fooFoo dy

Acc f :i*«’)é*[ﬁxﬂia +b K (M, ,[ br Fool” 4
"'L kAL, f(I"%’ b [Fead ‘é« A K;(L,}[(z**)é[ﬁx
- b, K, (L, )f‘;i*‘)é [Frxfl#

21576

Aty asac]




Raustdong of Mobtion

flagrangs's equation in ith degree of fresdom iss

j ( 38‘ - @

~hero "'\ero ia one equation for each degrees of fresdom, ‘ @
Thens

MR+ S+ 1+ MUl h= mpe* (Auhs At A}

uJ + ....u(i. «R KL ﬁ "'Iaw)gd Wf o {Aah‘i *Aasa( "'A&pﬂ}

Sph+ Basts Tais L, 8= (it Anecks Ay 8]

By definitlon at the flutter speed the system vibration in simple
harmcnic motion with frequency &J

h=-uwh

o= - W o
. @

- L' |
it @) be substitrted into equatian (16) the equations of motien

represent the notion of & systsz; with zero siructweal dezping, I now
structural damping is considared the equations must be modified. I has
been found that the -structural damping g is s funotion of the

anplitvde aud not of frequsney. Daxping-can be deacrided by 3 foros of

mgnituds proportionsal o the elastic m ring forco, eub
of phase., Each restoring forse term in must then ba r""hd by
- changlng:

trm M, Wy h to (z+3'g;,‘: M h

*rS7Té

PO Iy P

FE TR ]




trm Ly ) o o (+ja) Lk @

from Iéulﬂﬂ te (l'*agﬁ).rp U;ﬁ

Making the indicated sutistitutions @ and @ in the dynamic equations
]

and grouping terms:
G apAu 10 o SVThe B phJuco [ 7R 6o
i& +_wa¢th+[Ia+ o fA"{Iﬁ (i+ i?‘x %}]Jd +[B,,+ ‘7’@%0

—— e am—.

L3+ Vi Auid h#[Ry+ ’T‘ﬁ.&]"“ﬁﬁ"' "?Abﬁ'];( I+ saﬁ‘)(%g)]e 20
' ¥or a wolution of the above homogenous simultaneous equations to

sx5st (other then tho trivial case of hz2 &l = /8 = 0), the determisant
of the ocoefficients must vanish,

A nunber of methods exist for the solution of %he above determinantal
eguation. For any 1/k velue only one unknown appears expliciily, (the

>
flutter frequency (& ). If X = (%-) then the expansion of the

determiznant ylaids « complax cubis equation in ¥ . For a sclution to
exist ¢he raal and imaginsvy parts must be zaro ceparately. This
condition of ¥ satisfying the real and imaginary equations identicaily
is satisified only for certain valuwes of 1/k. Thus the solution iuvolves
122 determinstion of two unknowns, 1/k ané A . #hile the fiutler
freguency thiru X 4s an uskmom to be dstermimad, the second wnknoxn

is ot vsatrictad to 1fk, Any of the physical parameters, such ao
elasiia stiffness (%}?»; drmpdng coefficient g, or sileron halsncs,

could bp ckosen for ths sscond variable. Thus for any speed determined
by the assuzed weluz of 17k, 4t is possible ¢o determine ti» value of the
seannd prrareter which would permit the exiatence of flutter at that
gpead.

Qos of ths momt semsan methods employed in this counbtry is to
permit the genping factor g o be the eecond variable, If it is

2/ 37¢.
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(%‘)z; z,rx(dez), f‘%{f

assuned that 3,,- 3.,,‘-:33:?,

:\=( é)ﬁ)zthen the flutter determinant can be expressed as:
o _ _ ®
Ahl\ - fz ) Ah‘ A '\ﬂ

- : - - =0

A A~ Z Ao

Ash '7‘\-/9« A-ep-.hz
Where L

—e—!ﬁb-J A-hd: S—.M—_f.é..l& ; -A.h£= Sﬁ’::ff_.Ahﬁ

mpA h

:c-l
l!

- e

Aun - T2 T, J°
A‘a g + ; A ¢p+?l£.A“ A’ﬂt +’Zﬁj§_ﬁ£
ﬁ i

" Expansion of the determinant set equal to zero resulty in a coxplex
cubic equativa in 2 for esch 1fk. The roots of the couplsx equation can

be expresgsed ass -

2* X+ 7
then g = § mtbi sbi.vz_g—_
or %@
e = 1k
L VX
{ .Ifat

For each vajus of 1/k there are three values of g and
any valas of ifk the most critical root only is considered (root giving

2’876
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lowest negative valus of g or highest positive value) then a
typical g-V ocurve results,

B




APPENILX V

wiNG FLUTTER ANALYSIS BASED
ON .
CCUPL.ED VIBRATION XODES
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V-1

In a natural vibraticn mods of an airplane wing about equilibrium
the whole system is (by definitiom) vibrating sinusoidally in such
a way that esch particle is in (or axactly out of) phase with every
other particls, Hence any natural mode of vibration of the wing can be
described basically by only two displacement components, bending and
torsicn, in the vertical plane containing an assumed reference axis and
in planes perpexdicular to this axis, For tkis the usual assumption
must be made that the wing rigid in planes perpendicular to the assumed
reference axis. Thus the i““ coupled mode may be defined as follows:

Bending conponents $¢(t) hi (x)
@ Torsion components gi (f) A (x)
were ¥, 14 atmusoidal in tine,
(The reference sxis need not be the elastic axis,)

Under a goneral vibratcry motion having smll displacenent: from
equilibrium, the displacements at any point along the reference axis
will consist of superposed contributions of the warious natural modess

h(x,t) = fcu?-.mh;m = f gi.'(t) ‘n(x)
o {x,¢t) = Zai ?i(t)hg(x) = i € (t) o (%)

It may be noted that in h and of the coefficients a3 (which are
immediatsly absorbed into the convenient generalized coordinates
express *how much® of each normal mode '!i is introduced, The .
are nsoessarily the same for corresponding ccntributions to bending

and to torsion, This is dus to the fact that bending and torsion in any
natural mode are not indepsndent but locked in phase relstion and in-
terrslated by the charscteristics of that mode,

In practiocs it is cnsidered that modes highar than the third
ssldom contribute much to the total displacement in any arbitrary
motion. Henoe onrly the first thres natural modes will be employed in
the subsequent analysis. The generaliszation to a higher number of .
mnodes is iamediate.

Further, we shall assume that the wing 1s not oontinuous but
composed of a finite set of chordwise strips numbered 1 to n.
Thus h(x,t) and of (x,t) throughout the wing will be replaced by

@ bhes b ?, + h,,'g, + h,, §,
® a4~ 2§+ hyy §;+ "’u?,

ntuchstup_k.

g ———ma—— e cn e e s ne- 5l
— e ———————— s e == —— - ———— - -
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Case A - Motion Expressed in Terwms of Generslized erdimtga

V.2

Usuaily the ailsron degres offr«donﬂ 13 not sessured during

ground vitwation test nor is it calculated during coupled mode auzlysis.
However, since it is an elemont vibratinrg sinusoidally in phasc with the
rest of e system during (undemped) normel modes, these modes csu be
measured and described g0 as to include the aileron also. YWe then have
simply during a generul motion '

@ /dk :/6"‘?' */Szx ?g +/63n §3
@ The kinetic mergy of a single strip k of wing is given by
beew . b
T t'fb:“ Chy + Cf’ T YAz + 2‘/8“%“[5;(2 -R,Jdk-l- (z-c,)zl'}lz

Wswing =trip density
Where {ge chordwise coondimu} are given in the disgres below

a.b,c, e

—~b: —

'

e
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Measure all quantities in terms of the wnit b znd positive if aft of
the. addchord,

Thus
b, . .
T;" _i‘[&l[k. + a(Z-ag)h,a,‘ +(z-a,;)‘64: Jo(z +
by

& . .
@ +§J[x.1[h: + (z-a.‘)'a‘(:i- (z-cg)",@: + z(z-a“)h,‘oc,
bee,

- - ———

+ a(z-c.)h“p'“ + z(Z-a*)(Zf Cg)é_tﬂ] 4z

or
b

by be .
- h:f $dz + &« [ $(z-a dz + h’,&.j u(z-a)dz
by .‘“ .

afbx . Lk
® t /ka%(z-c,) Az + h,@,‘{:u(z-c“)ﬂz

b O €,

. (&
+ o Bl «(Z-aM2-C)LZ
be,

2876




Vel

) ) )
The last term may be written . '

- |
& B fal(z-c)+ (e all(Z-C) ot

he,
@ b | b
= &,/ { [alz-cddz + [ e apz-codz]
‘k‘a 6&";

The expression for Ty can then be written
To=dmh, + 11,00+ £1,, 8%+ Saxctuhe+ Soxhufe
+ [ Sﬂk (cn"“x)bg + Iﬁk] d;ﬂ.;‘

where the notation has oiwious definition,
(The totel kinotic ensrgy of the wing is Z 7; )

The expressions],, I“ etc,, can be interpreted as follows for
strip ki

N = mass of wing-aileron combination

Iux * mags moment of inertia of wing-aileron combinaticn about
reference axis.

Sex = statioc moment of wing-aileron combination sbout referenct
axis,
I,,‘ = mass moment of inertia of aileron about its hinge line,

sﬁk = static momert of aileron about its hinze']'ine.

We now gubstitute the expressions @. and @ into @
and sun on k to get the totel idnetic energy.

/576




L AELTCK % SEN AT W OWAR AL RO 41
+4 Lo (6.5 +A.845.57+ % 0.8:h.8 b, St S0 S0, §)
* Sulha§ ¢ b8 hEVAE A8 44,8 +

ALt SuCa-abJ®8, + 2, + S X6,5 44,514, €)

om——— . rm————— =~ . - e - -

Now in the expression above, cross-product terms in the g must
vanish since tie ?; e originally chosen as proportional %v normal
coordinates, Setting each of the coefficients of cross-product terms
equal to zero separately defines the generalized orthogonality condition
of the normal u:oupled modes.,

Thus

® T-4AS+ AS +AS")

@

27576

where

A Z{”khm ndus + '“A + z[ixhig Kix +
+ Sﬂk "i.xﬂ;“ + (I,u + &Ecn’ 2] b,‘) din,@iu]}
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The generalized orthogonality conditions are:

| ; {mn hini‘aﬁx + IqK“ixm-én + S,‘,,_(h;,‘ccj,-% a(“b,’,‘) +

@ ¥ IFK pih ﬂg—* + Sﬁk ("iuﬂa’.n*ﬂin h;h) +
+ [Iﬁh v 5/3!( e QE)B,‘ ](dlnpj.n "'{th dj.k)} =0

L=1,2 . .
j=23 i % #

It sheuld be noted here that cnly 32 the aileron motion (as
anslytically described) ia w related to the wing motion
(e.g., by direct test resulis] may the degrae of freedom be
included as ¢ normal coordinate. Otherwise the /3 degree of
freedom must be carried az an extra coordinata and the results
must be expressed in quasi-normal coordinstes. (See Case B)

e . The generalised orthogonality condition zs wriiten above holds enly
for strictly normal coordinates, .

Next, the potential energy expression is developed, For a
given strip k the potential energy Uk is expressible as a
quadratiz function of the Gisplacements” h, o, /3 . Thus it is
also a quadratic- function of the & . this quedratic function

mst contair only squared teyms since the { wore originally chosen
as proportional to normal coordinates. Thus

® U=%U-t(Bg +B,S+BS)

If the case of free oscillations without externsl forces is

considered, the B; may be evaluated. Using Lagrange's equations
of motion:

AR W

¢

there are obtained

@ A‘s?a*Big.:

"
o

27576
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wiich are the equations for simple harmonic motion in the norual modes gi
In these cases i""“’i é; where (J; 1is the circular frequency
of oscillation in'the i%" normal mode. Hence

@ A;(°CJT) ?@ + Ba, ?5,‘ (o]

- 2
@ B. = A
Then the potential energy expression is

® U-i(OIAE + O AT + (A, B )

In the case where flutfer occurs at the frequency () the flutter
forces and -oments in the h, & and ,6 degrees of freedo™ are ziven

Lift ., ceference axds per unit spaa at strip T3

h - :
® Lowpblor (B L a oLy ad AL L 6]
Mioment at reference axis per unit span at strip ks

ﬁnz e E:‘Uz{%f[mh' Lh(i * a")] * du[mx ‘L'((-ZL *a)
@  -MGreo+L 2]+ B,(M,-L,(4va)
“Me(em 00 + L, (et + an)]}
Liorent about alleron hinge per unit span at strip ks
M v b (12 [T, P (cume '
< rphe SRR (e ]+ o [T-R e €
© - T+ R saka- e Q- (BT Ne-c
+ P! (Ce- e“)aJ} .
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.&boVe, the terus I?l, L\l’ Lﬁ 9 LE ? l'-lh, i‘ » ;'rlﬁ I :'}3 ’ .9 Th’ Ph ’Tq [

Px T3 s Pg 5Ty Py , @re avallable in tabies for various 1/k values
{or constants) and are listed in Ref, 1, Pages 32-34.

Now to develiop the expressions for generaiized foreces corresronding
%0 the zeneralized coordinates ? we let ? take on a virtual change

t 9

of anouat § &7, The work done at strip k ie
SWy= (L Sh, + P, S, + M, 5B.)ax,
abere A X, is svanvise width of strip k,
_ She=ha 8 [= h (S + § 6)-h(5)]
S, = ;) § 5
8/3u = 4. 8§

so that
d Wy = (Lg"iu + ﬁn“ix + ﬁuﬁln) 5§L A Xy

and thus

QT (8 Tkt Flatr M, B ]ax,




i
»
!

Thus . . g

Q- 7 {rp o [ MR IhthE |

w ¥

+ (dm § *&axﬁf dsngt)[ L. - (é+Q“)L“] i
* (A8 Tt /Qar E)[lr' L, (¢ eu)]}' hox 4%,
+§ {ﬂf!b:w [h A h,.,'si-lh,,,f ( M, - (%*Q)L‘).,.

(@ + (o, B+ %y § + % )fﬂ (1+a (L, *"1)+(‘-+et.) L-]

S AT Grad (o, <’~>M CEV RN s
+ ¢ hy +
APV MIAEE (1 ayp)

g e DR (yray
et a)n ] (pg g e 8 )T -

{cf ?u){ g_*";) %
* R (e- e ]}/3 s,

.— or
GrwZec e
RS

where

L/5746
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@

V=10

« h'k | ™
Cy=Z -,fA,‘A.x,[{.-g%- L, + ‘-’% (Lo-L,Cheedd)

+ e[l eal, bt BE M- ch+ oy, T

toggu[Mo-(dradl, - M (4+a)+ L, (4ea ST+

e Lot 0= Py G 83y e T

{ ET ("k eJT, j"’“g,rLT

R(te-¢,) 4

" Thked+ R+ 4o o4, [T, (B+TX°~ -%)

(c ~-=,) ]}13 ]

Obvious simplifi cations oceur when the quarter chord may be chosen

as the referencs a.xjaE[
on the ailercn (c, ~ o, =),

Uy, &) 5 andd, s
he= hi§ ¢ haS,
ofn* ot §, + o, §,
= BaS. * A5

43yl . oj ar there is no aerodynamj.c ovevhang

In a typical case both of these
. corditlons ey be" aasuzed as me"l as the following simplified expressions

T ire general set of Lsg"angian equaticns, with Cyy 88 defined above,

may be written:

Aaé‘ + o AE = a‘;C;;?j_ {ij-12)

A 2t s YAM

AU s bbb




vV =11~

where rnow the Qg terms havs replaced the zeros on the right side of @
At the »ondition of flutter, herwnic mction at the "reqw:mxy &) exi

and thus the equations oecowe, upon dividihg by w %
@9 A.‘Ei-(g—‘)’]ngC%?}, o} (i,4=423)

. If denping 8 (as may te measured, for example, in ground vidratica
tast) is im.roduced in the iPD mode, the equations take the forn

{AL-8)0+ig))+C}E +C. 8 +Co8 -
{A['( (’*‘3;)]"’ 22} "’“Cu?:

— ———— - e v cm————— —— - ——— e e e . ———— . = ————— - - s - - ———

cs,f C.5+ {A - (8049 1+Co 3K, =0

The neces and sufficient condition for the solution (other than
the trivisl g* = =? = (0 ) of the abows equations is that their
[ Jz 'y
determirant vanish, This gtaciliiv determinant may be solved by a
variety of methods well knoen in the field of flutter,

Case B - jAlleron Motion Fxpregsed ax a Separate Degree of Freedon
Usually the sileron degree of Zraadom ﬂ is not meagured during
ground vibration test nor is it calculated during coupled mcde analysis.
If this is not dons, then the aileron coordinate in the subsecuent analysis
- cannot be expressed in terms of the generaliszed coordinutes representing :
wing coupled mnotion. A separats coordinate must be provided for the
sileron. Reference will ba made in this case to results already developed
under Case A.
For convenienne in this case, only two generelized coordinates g

and F will be assumed for the wing while the third f’ will be
2 2

2,576




V-12
reserved for the ai’ernn and will no longer refer to the wing, Thus M

h“ * ‘,IIE + hzgg_
o, = A ?c + dg“g&
ﬁk 3/33363

A.s0, a fee body translation and itch of the sntire airplane can be
introduced., These will be omit{ . for simplifi:ation, but the procedure -
vill be similar to that illustrated here.

The kinetic energy T as expressed in equation @ holds when
hu,o(,& ’ /5,,‘ and ﬁ_,m are set equsi to zero. Howsver,
since only modes E and gz are now to ba ccnsidered orthogonal,
the expresaion @ for T 4s nc longer valid but requires sdditional
(cross—product.) terma. The orthogonality condition @ bacomes

@ z.: {Mx"'mhz“ +I&K du:“u + Sﬂn (hm o + hud,,,)}=0
" and ths pet result for T is, in thias case:
® TAKE K G oK) AL ¢ A, L8

where

A=T{Mhn+ Ty ot + 2 Sun hu ot }

A TIMRt Towolet 2 Sen huyotan )

A's'}; Iﬁnﬁz:

AuZ{Suhu i * [T+ S,,(c.-a.)b..]wuﬁg }
A IS, ha B + [ Tax + Son 0= 200b Jot Bur 3

ke)
(Notes [GJR is usually %aken as unity for all

WEe == .= = O, S LT . == -

— -— —— - — T ™ T e e -
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V=13

The potential: energy as praviously expressed in @ , is valid:

. 2
here, vhers B; w A'i(dg , givings

D U= $(AE+ s A S AT

N/
The airforce expressicns @ ’ 22 s @ , are valid as they stand, -
The generalized fcrces Qi i’ "\bac-.mé !

3

Q.- );[L,,h,,‘ + f'? &, ) Ax.
Q E[L‘ hax (X;,JAX,
Q- & ﬁ,,ﬂ,,xzsx.‘
T and @) ,”'@ , and @3 are valid with hy = X gy = A, “g"c

Seleétiﬁg, for example. that case where the quarter cnord is the raference
axis and thers is no aerodymamic overhang on the siieron (% + a8 - 0, -

% = ® = O forallk) gives the following results for Cy,:
; nfl: AX, {[ f Lo+ Q‘"‘L‘Jf*[ B My * % e ] “tn}

Ci® Z’ufb" ax, § l ‘SLLh"'dzng] +[;‘;M.,* “umajsxm}

CasForbean { By, L, bns p,,m ] ‘

Cu= mebyax, ([ 37 Lys az.,.L.J 1,-‘- +[;Lm,.+ o M Jot 5}

Cud "’f" & Xk [[IH Lh*“zuLJ ‘5’" “ f‘l»."dagm]am}
Cas? ;‘f‘&“n {f S Ls ‘5" ﬁnmﬂ‘anJ

C,n Z"’fb 8 X¢ {[f‘.ﬁa*qm ]/33&}
Cu—g e b Mx{['[,"‘:"ﬂ. > oy Tod /33::}
Cor X mekan{ 4,7,
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The lagrangian squations in this case le‘a,d to the equations belov,

wing @ » @+ wwt @ st v § = -0 &
(ACI-(8)1+C) 6 + Co€ LA+ Cal§ =0
Cy 8+ (A [1-(8F14Ca}§,+[A,4+C, 11§ =0
[A +C,TE +[A,, +CoE* (AO-(8)10[E

A word of caution should be injected in reference to the methods of this
appendix, for the case of control surfaces with large amounts of unbalance
method A should be used, if the modes of vibration are obtained by ground
vibration testing while method B can be uscd if the coupled modes ars
obtained by direct calculation. It has been found that the use of method
B, when using ground vibration modes, in the case of highly unbalanced

control surface may lead to appreciable errors in the flutter spesd
calculations, )

REFERENCE

Seilg, B, and Wasserman, L., "Application of Thres-Dimensional Mutter
Theory to Aircraft Structures,* ALF TR-4798, July, 19L2.

/574




- APPENDIX. VI

TABLES OF ARRODYNAMIC COEFFICIENTS FROM
AAF TECHNICAL REPORT 4798
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( .
DINENSIONAL, FLOFTER ANALYSES OF TAPERED ATRFOILS
Me| K (L) K (L) Ry (I,) K |
) 0 ? 0 0 "
.25 -.01525 ~ .25185% -.01525 - 501853 -.08296 + .00763) -, 250004
i .50 =.05770 - .51290) «.05770 = 1.01290) - 2565 + 028853 =.50000)
- .83 -1L617 - .883335 62T - 1.71666) -. 73610 ¢ 121793 -.833334
1.26 | -.20125 - 1.385254 -.29125 ~ 2,635253 -1.73156 + .36,063 =1.25000}
67 | -.L5933 - 1.925335 -.L5G33 - 3.5560C) | -5.21556 + 4765553 1.666673
2,00 -.6028 ~ 2.13160} -.60280 - 4.35160) 4. 78320 + 1.20560) ~2.0CCG §
250 | -.82500 - 3.125005 | -.82500 - 5.625005 | ~7.81250 + 2.062505 ~2.500003
( 2.9, | -i.0223% - 3.80529) «1.02235 - 6. ThELTS «11.1920 « 3.006523 -2.91181
3.35 | -1.19533 - L.L33333 <1.19533 - 7.766663 <AL T7T8 + 3.96ULLJ -3.32333§
3.75 | -1.37985 - 5.108363% -1.37963 - 8.85836) -19.1539 + 5.173&93 -3, 75000
L7 | -1.55167 - 5.82L165 -1.55167 - 9.950833 ~213, 267 * 6.L65273 ~4.166675
5.00 | -1.28600 - 7.275003 -1.88600 - 12,27603 -36.3800 + 9.430003 -5.000003
6.25 | -2.3L500 - 9.535003 -2.3L500 - 15.T8503 ~59.5938 + 1L.6552) -6,25000)
) 8.33 | -3.00167 - 13.4,385) ~3.00167 = 21.7783 -111.986 + 25.01384 -8.33333)
; 10.00 | -3.LL600 - 16,6400) <3.LLS00 - 26.65003 «166.5;,00 + 3,.1L,6003 ~10.,000003
12,30 | <4.01000 - 21.51003 <4.01000 ~ 34.0100§ ~268.875 + 50.12503 ~12,500003
16,67 | -4.T5333 - 29.73333 | -hi.T5533 - L6.L00O] ~95.5% + 192222 ~16.666673
X3 (1) = 1,0000 K2 (Iy) = +5000 Ka(¥g) = «3750
L/57&
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TABLE OF AERODYNAMIC COBFFICINTS FOR WINGS AND
ATLERONS OF CONSTANT CHORD




Vi3
vHae I My g Le % %™ Tp
o 1.,0000 « 37500 +50000 « 37922 <5,008 5,008 « 37922 35583
05 o3 03 03 03 03 o3 03
s Sas +37500 L2179 37060 L6533 5393 36305 + 37001
' 25193 | -.zs0005 | -dglzsg | -.23smey | -dussey | -.osoory | -iasemy | -.25u56
o 9423 +37500 +18580 <2476 . FAF 52815 <3426 31332
) <5193 | -.500005 | -.om053 | -7y | -.m9373g | -0y | -.536795 | -.50838
45% oﬂw ‘o%” .28351 --”m om 019170 olm}
83
-. 88335 -.833333 | -1.50L373 | -.785255 | -1.llsmys | -.182635 | -.885293 | -.83091)
- «7088 37500~ | =1.52280 - 16386 -1, 3861, Ji7o8s «.03900 -09362
‘-25
-1.38533 | -1.25000§ | -2.27119) | -1.177923 | -2.063395 | -.286403 | -1.302903 | -1.235633
& .5Lo7 371500 | -3.17190 -0257 | ~2.95.55 - iS22 -.32056 -85
1.
~1.92933 ~1.666673 | -2.830453 | =1.570993 | -2.57093 | -.3&W5 | -1.606305 | -1.610U.3
e e ——— S - — -
v/ow I: L, % B Py Py Py
Linz7 20450 Lyl JT0u21 80450 47 43990
(o] .
03 3] 03 03 03 03 0J
- Jmz +T9013 wr 49859 <7985 L1059 45123
TU | -ontky | -z | ket | -ammy | -osmis | -mems | -esmoe
o Lmz <T5013 L7270 48295 419 B3 33k2
’ -0602y | -us332) | -.26873 | -.28l975 | T-.2008uy | -.70€6y | -.739073
o | LM 46673 Jous | .es035 JUTH 12620 <0538
--11,86) -8R} «.217013 -4s5a14 - 45383 | -1.312763 | -1.21585)
1.25 Lz 53009 4330 | 96 6906, -+ 31975 - +50068
- -:172293 | -1.305373 | -.337255 | -.700383 | -.5l163y | -1.921783 | -1.780825
167 47117 IN& Jyoald, 5398 fan -A5Te -1.2743
-.22972) | -1.81807% ~4E5733 --94;185 - TH3TY | -2 I -2.33215
— i

2/857€
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R/s7/&

ooo 3972 37500 | <L.8%60 -.17211 | <L.57687 Lasks - 7333 -.88467
| emss | -2.omooy | -3ame0s | crsmery | -2omiizg | -ollsy | -l.992031 | -1.sseay
0179 .37500 ‘8.1575 ‘om '706%‘8 o%? .1014““ .10&258
2.%
~3.1250% ~2,500003 | -3.56253 -2.3558L3 | -3.c2784) - 6u6093 | ~2J4,03215 | -2.28540)
" «.0220 37500 |-11.7140 -.81311  |-11.04000 «22879 «2.1;601 247155
2. 0
-3.50533 -2.941183 | -3.7X963 =2.771573 | =3.380783 - T867h3 | -2.73935 | -2.60256§
5.33 -.1350 +37500  [-15.47%0 -1.15226  |-1L.53416 9302 | -2.92319 | -3.33896
0 ) sy | 3333335 | -3.7m225 | -3.utosy | -3aoazy | -.916593 | -3.00k19y | -2.862u65
37 «.3793 37500 }-20.0357 «1.55906  |=18,90480 2581 -3,86611 «l4.38923
o715
«S.108;3" | -3.750003 | -3.68473 «3.533755 | «3.307363 | -1:056153 | =3.261803 | -3.11087)
L7 -.5520 «375%00  |-25.3130 «2.01372 |-23.89637 21921 «l4.95883 =5.59916
U | susdizy | ety | -s.ses63 | -3.ceetiey | -3.m9sss | -1.20uay | -3.50668, | -3.3u786)
vow L L, T, B, P, Py P 8
L7 2366 3728 4211 56881 1,638 -2.1187
2.00
« 275673 | -2.25%68 573738 -1.18515) -.935123 -2.89973 =2.6850§
L7117 02708 +32918 Loo2, L8193 -2.9061 «3.6647
2,
P gussy | 2oy | -asrs | -vsmmy | crezess | sasay | 321009
Lt -.15856 +29079 32765 Liolgo <40 3045 =5.3526
2.
% =053 | -3.585853 < 899685 | -1.24908) «1.L8787 «3.2353 «3.,61383
J‘?ll’, - 21” om 0%”1 3 5’,% -5.m3 .7 L] 11&
33 LSl | L.17T6TS | -1.043373 | <2.2L007) <1.733U33 | <4.23559 «3.93083.
Lm7 -J5576 #2106 ~19581 26499 =7.5575 «9.2502
e 516875 | L3718y | <197y | -2.452128 | -1.997373 | <L.Su19 ~4.21539
N 4711317 «61T50 18751 13237 19769 -9.62 -11,7035
7 .
«oS7u303 | -5.1:88%03 | -2.359263 | -2.77918) | -2.277255 | U835 <UL 7823




€=-5

Vi-5

v/vu L, ¥ Ly X, Ly T, Te
. - 8860 3750 | -37.7660 -3.0666 | -35.492 15015 | -7.5322 8,106
. > ~7.27603 «5.00003 -2.8,60) -4.71173 -2fb9h23 <1.504313] -3.92188 -3,7518)
6.25 -1,3450 3750 -61.4370 -5,00l9 57,9868 05526 | -12.4262 ~13.8168
"1 9.53505 | -6.25009 | -1.12m85 | s.m6y | -.ssohs | -domissy] L ouoors | 222813
. -2.0020 37150 | -1LJdg20 9,192 | -108.0276 ~.08058 | -23.3953 =25.5000
.33
-13.43855 | -8.33333 3.4205 | -7.85283 3.27753 2,703 L.88538 | -L.TISHS
1 QM -5750 '169.%60 -H-W&l ‘1”-1,‘” -.17257 'ﬂt.7563 ‘”'ml
0.00
_ .| .| -16.6u00s | -10.00005 | 7.8200 { 9.u233) | 7.60065 |  ~3.Ll0303f ~5.04993 | * ~L.90083
‘5.01“) .3750 ’mm '2101572 "256.% '-m ‘56-% -61059’
12,50 -
-21.5100) | -12.50003 16,11503 | ~11.7792) 15.42623 LJUTITY  =5.0016% -4.90093
( b T 150 |-ss.esz0 | -5r.90m | -um.aees - lii260 | -105.0683 | -112.1315
.67
-29.73333 | -16.66663 32,8222 | ~15.70563 3117753 673y -b.32523 | LWL
v/be N, L, T, P, 13 Py r’
.00 47117 -9727 1223 00931 0672 | ~2ili908 | ~17.4596
) -6817) | b.esehy | -1.687023 | -300m73 | -2.mboy | -s.mrs | ~besTALy
6.25 L7 «1.1053 +03299 -.15561 -.112, «23, 762 28,3310
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