
ABSTRACT
The subsonic doublet lattice method (DLM) has been the industry

standard method for the calculation of unsteady air loads for the past

three decades. A recent comparison between the DLM and the

subsonic constant pressure panel code ZONA6 suggested that the

DLM lacked robustness. However, the DLM code used in the

comparison was flawed and not representative of the DLM as such.

Results from a contemporary DLM code are presented for the same

test cases that were used in the misleading comparison. These new

results show that the DLM can produce valid results for all the test

cases considered. Where feasible, a comparison is made between

results from the present DLM code and the published ZONA6

results. 

NOMENCLATURE
CLα lift coefficient slope

CMα moment coefficient slope

Cp pressure coefficient

k reduced frequency based on full chord

M Mach number

Nx, Ny number of chordwise and spanwise panels, respectively

U freestream velocity

ω circular frequency

1.0 INTRODUCTION
The subsonic doublet lattice method (DLM)(1-5) has been a popular

method for calculating unsteady air loads for the aeroelastic analysis 

of general configurations for the past three decades. Several

enhancements were introduced during this period, including the

improved treatment of near-coplanar surfaces(2) and increased

integration accuracy(3). All the results presented here were calculated

using a DLM code which incorporates the improvements of Refs 2

and 3. All calculations were however repeated using a code which

does not incorporate the quartic approximation to the kernel

numerator of Ref. 3, and the differences are discussed. 

The DLM can be regarded as an extension of the vortex lattice

method (VLM), which is used for steady load calculation. The

downwash factors are calculated as the sum of the steady component,

identical to that of the VLM, and an unsteady component. In the calcu-

lation of the unsteady component the kernel numerators are approxi-

mated by polynomials and the resulting expression integrated

analytically. In steady flow the DLM reverts to the VLM. 

The unsteady planar downwash factor is given in Ref. 2 as;

where the symbols have the meanings as defined in Ref. 2 This

integral cannot be solved analytically and is evaluated by making a

polynomial approximation to the numerator of the integrand and

integrating the resulting expression analytically. 

where; 
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in the case of the parabolic approximation of Ref. 2. In Ref. 3 the
parabolic approximation is replaced by a quartic approximation of
the form;

The accuracy of the unsteady downwash factor depends on the
accuracy of the approximation to the kernel numerator. In order to
maintain accuracy a limit has been set on the maximum box aspect
ratio that may be used. There is also a requirement for a minimum
number of chordwise and spanwise panels required to achieve
convergence of the pressure distribution. The requirement for the
number of chordwise boxes is expressed as the number of boxes per
wavelength of the unsteady wake disturbance, 2πU/ω. The
requirement for the number of spanwise strips has not been investi-
gated separately since the combination of the minimum number of
chordwise boxes and the maximum box aspect ratio implies a
minimum number of spanwise strips . The published guidelines have
not been consistent, however, the limits reported in Ref. 4 are
generally accepted.

In any VLM code a limiting expression of the vortex formula
must be used for the calculation of the bound vortex contribution to
the downwash at a point on or close to the extension of a bound
vortex. The criterion for using the limiting expression is not
discussed in Ref. 2. One possibility is to use the limiting expression
when the angle between the bound vortex and a line from the collo-
cation point to a vortex endpoint is small. If this criterion is applied
carelessly, it may cause the limiting expression to be erroneously
used in the calculation of the downwash at a box’s own collocation
point. It is believed that an error of this kind affected the DLM
results of Liu, Chen, Yao and Sarhaddi(6) in their comparison
between the DLM and their subsonic constant pressure panel code
ZONA6(7). The present work aims to confirm the robustness of the
DLM by providing proper results for the same test cases that were
used to draw its robustness into question.

The first test case of Liu et al was that of an AR 20 rectangular
wing pitching about its midchord at M = 0⋅0. Their DLM results for
this case were not affected by the error in their DLM code and are
representative of the DLM with a parabolic approximation to the
kernel numerators. The improvement in the results presented here is
due to the increased accuracy of a quartic approximation over a
parabolic approximation. 

Their second test case was that of a series of slender delta wings at
a steady angle-of-attack at M = 0⋅8. This case only tests the VLM
part of the code and their DLM results were affected by the error in

their DLM code. The present DLM results show much improved
convergence to the slender wing limit.

Their third test case was that of a 70° delta wing pitching about its
root midchord at reduced frequencies k = 0⋅0, 0⋅5 and 10⋅0, and M =
0⋅8. The DLM results presented by Liu et al for almost all cases
were invalid, because of the error in their DLM code. In particular,
the k = 0⋅0 case shows a failure of the VLM part of their DLM code.
This should have pointed to an error in their DLM code, but was
used instead to argue that the DLM formulation lacks robustness(6).

2.0 MODELLING
Figure 1 shows the planform and panelling of the AR 20 rectangular
wing and the 70° delta wing. In both cases the coarsest panelling
scheme that was analysed, is shown. Symmetric half models were
used in all cases and the numbers of spanwise strips quoted are the
numbers of spanwise strips in the half models. 

The existing modelling guidelines for the DLM were violated in
many of the cases presented by Liu et al In the case of the rectan-
gular wing with Nx × Ny = 10 × 10 the box aspect ratio is ten. In the
case of the 70° delta wing with Nx = 10 the aspect ratios of the boxes
in the outboard strip is 7⋅28 and with Nx = 40 it is 29⋅1. Reference 4
quotes a limit of three for the earlier DLM formulation of Ref. 2 and
six to ten for the new DLM formulation of Ref. 3. 

There are 6⋅28 chordwise boxes per wavelength in the case of the
AR 20 rectangular wing as well as at the root of the 70° delta wing
at k = 10 and Nx = 10. Reference 4 quotes a minimum number of
chordwise boxes per wavelength of 12 to 25 for the earlier formu-
lation of Ref. 2 and (50 for the new formulation of Ref. 3. 

The existing box aspect ratio limitation may be unnecessarily
limiting. It is practically impossible to obtain a worse result by
refining the chordwise panelling and this is illustrated in the present
results for the 70° delta wing where the 10 × 400 panelling scheme
results in a box aspect ratio in the outboard strip of 291. The box
aspect ratio limit should rather be formulated as a number of
spanwise strips per wavelength. Applying the existing requirements
for the number of chordwise boxes per wavelength and box aspect
ratio simultaneously would result in eight (≈25/3) spanwise strips
per wavelength for the earlier formulation of Ref. 2, and six (≈50/8)
spanwise strips per wavelength for the new formulation of Ref. 3. 

The geometry of the leading and trailing boxes of the outboard
strip of the 70° delta wing with ten chordwise boxes is shown in Fig.
1. The bound vortices as well as lines from the vortex endpoints to
the collocation points are shown. The angles between the bound
vortex and the lines from the left and right endpoints of the bound
vortex to the collocation point are 55′ and 1°, respectively, for the
leading box and 7°19′ and 7°42′, respectively, for the trailing box.  It
is seen that a large sweep angle, along with a high box aspect ratio,
causes the angle between the bound vortex and a line from a bound
vortex endpoint to the collocation point to become small. These
small angles make the results susceptible to coding errors of the kind
described earlier.

3.0 RESULTS

3.1 Rectangular wing of AR = 20

Figure 2 presents the lift coefficient slope versus reduced frequency
k for the rectangular wing pitching about its midchord. These results
were calculated using the same two panelling schemes as those used
by Liu et al(6), viz. Nx × Ny = 10 × 10 and N × Ny = 10 × 40. In
addition an estimate of the fully converged solution(8), extrapolated
from results of the present DLM for a 20 × 20 and a 40 × 40
panelling scheme is shown. The present DLM results are compared
also to Theodorsen’s two-dimensional theory(9). However, a small
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Figure 1. Planform and panelling of wings analysed: (a) AR 20 rectan-
gular wing, (b) 70° delta wing, (c) geometry of leading and trailing

boxes of the outboard strip of the delta wing.
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Figure 2. CLα versus reduced frequency of the AR 20 rectangular wing pitching about its midchord.

Figure 3. Effect of the number of spanwise panels on CLα and CMα of the AR 20 rectangular wing pitching about its midchord at k = 10⋅0.

Figure 4. Parabolic and quartic approximations to the kernel numerator.
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Figure 5. Effect of sweepback angle on CLα and CMα of a slender delta wing.  

Figure 6. Pressures on two spanwise stations of the 70° delta wing at incidence.                  

Figure 7. Out of phase pressures on two spanwise stations of the 70° delta wing pitching about its root midchord at k = 0⋅5.



difference is to be expected because of the finite aspect ratio of the

wing. The present DLM results for the 10 × 40 panelling scheme are

similar to those presented by Liu et al. The present DLM results for

the 10 × 10 panelling scheme are much closer to the theoretical

result and to the results for the 10 × 40 panelling scheme than was

found by Liu et al. The estimated fully converged results closely

follow the theoretical results. 

Figure 3 presents the lift coefficient slope and moment coefficient

slope at k = 10⋅0 for panelling schemes with different numbers of

spanwise strips and 10 chordwise boxes. Liu et al found that their

DLM results for the 10 × 10 panelling scheme deviated substantially

from the general trend whereas the present DLM results for the 10 ×
10 panelling scheme fit in with the general trend. The ZONA6

results shown here were digitised from Ref. 6, but should be suffi-

ciently accurate to compare the results of the ZONA6 code and the

present DLM code. The results are similar except for the imaginary

part of the lift coefficient slope, where the ZONA6 results are signif-

icantly closer to the theoretical value. 

The DLM code used by Liu et al probably did not implement the

improved integration scheme of Rodden, Taylor and McIntosh(3).

The present DLM code was degraded to the earlier integration
scheme and the calculations were repeated. The results closely
matched the DLM results presented by Liu et al. The improvement
in the DLM results presented here over those presented by Liu et al
is, therefore, entirely due to the increased accuracy of a quartic
approximation over a parabolic approximation. 

The parabolic and quartic approximations to the kernel numerator
are compared in Fig. 4 for the unsteady downwash of a box of the
AR 20 wing with a 10 × 10 panelling scheme at k = 10⋅0 at its own
collocation point. Neither approximation is particularly good,
however, the quartic approximation is in error in one sense over half
the range and in the other sense over the other half, whereas the
parabolic approximation is in error in one sense over the entire
range. 

3.2 Slender delta wings

The comparison between Miles’s slender wing theory(10) and the
present DLM results for a 10 × 10 panelzling scheme is shown in
Fig. 5. Contrary to the Liu et al DLM results, the present DLM
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Figure 8. Out of phase pressures on two spanwise stations of the 70° delta wing pitching about its root midchord at k = 10⋅0.

Figure 9. Effect of the number of chordwise panels on CLα and CMα of the 70° delta wing pitching about its root midchord at k = 10⋅0.

Station 2 Station 10

Station 2 Station 10
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results approach the slender wing results from one side as the
leading edge sweep angle is increased up to 89°. The present DLM
results for CLα then cross over the slender wing results and the
difference increases to 0⋅1% at 89⋅95°. The present DLM results for
CMa do not cross over the slender wing results and the difference
decreases from 2% at 89° to 1% at 89⋅95°. In contrast the ZONA6
results presented by Liu et al cross over the slender wing results
between 75° and 85°. No indication is given of how the ZONA6
results compare to the slender wing theory at leading edge sweep
angles greater than 85°. 

In an earlier study of the application of the DLM to delta
wings(11), it was found that the estimate for the fully converged DLM
solution approached the slender wing limit from one side for leading
edge sweep angles up to 89⋅95°, at which point the difference
between the slender wing limit and the estimate of the fully
converged DLM result was 0⋅02% in both CLα and CMα. It would
therefore seem that the present DLM results for the 10 × 10
panelling scheme are closer to the correct results than the ZONA6
results at large leading edge sweep angles.

3.3 70° delta wing

Figure 6 presents the pressure distributions over the second and tenth
spanwise stations of the 70° delta wing at a steady angle of attack at
M = 0⋅8. Results for 10 × 10, 40 × 10, 100 × 10 and 400 × 10 (Nx ×
Ny) panelling schemes are shown and the Cp values are normalised
with the angle of attack. The box aspect ratio of the boxes in the
outboard spanwise strip is 291 in the case of the 400 × 10 panelling
scheme and no adverse effect of the large box aspect ratio is evident.
In contrast to the DLM results presented by Liu et al, the present
DLM results are smooth and convergence is acceptable from the 10 ×
10 panelling scheme. 

Figure 7 presents the out-of-phase pressure distributions over the
second and tenth spanwise stations of the 70° delta wing pitching
about its root midchord at k = 0⋅5. The same observations as for the
steady case apply. 

Figure 8 presents the out-of-phase pressures distributions over the
second and tenth spanwise stations of the 70° delta wing pitching
about its root midchord at k = 10⋅0. The pressure distributions are still
smooth, however, at least 40 chordwise boxes are needed for
acceptable convergence. The pressure distributions from the ZONA6
constant pressure panel code for the 10 × 10 panelling scheme were
digitised from Ref. 6 and are also shown on the figure. There are
significant differences between the pressure distributions from the
present DLM code and those from the ZONA6 code.

The results for the 70° delta wing test cases were also calculated
using the parabolic approximation to the kernel numerators. The
results were not significantly different from the results presented here
for the quartic approximation.

Figure 9 presents the lift coefficient slope and moment coefficient
slope for the 70° delta wing pitching about its root midchord at k =
10⋅0 and M = 0⋅8 for panelling schemes with different numbers of
chordwise boxes and ten spanwise strips. The results are compared to
an estimate of the fully converged result, extrapolated from results of
the present DLM code for a 20 × 20 and a 40 × 40 panelling scheme.
Liu et al found irregular trends in their DLM results, whereas the
present DLM results show more regular trends. The ZONA6 results
shown here were digitised from Ref. 6 and are generally closer to the
estimate of the fully converged results than the present DLM results.

4.0 CONCLUSIONS
The present results confirm the robustness of the DLM. Neither large
sweep angles nor large panel aspect ratios caused the method to fail.
The accuracy of the approximation to the kernel numerators was
found to have a significant effect in cases where the panel size is
large compared to the wavelength. 

A limited comparison with ZONA6 results indicates that for a given
panelling scheme ZONA6 can be expected to produce results closer
to the fully converged solution than the present DLM. It is not
apparent why this should be so because the ZONA6 code is an oscil-
latory extension of the Woodward constant pressure method for
steady flow(12). Assuming a constant pressure on a panel (box) is a
crude approximation that should require very small boxes, both
spanwise (depending on the wing aspect ratio) and chordwise
(depending on the reduced frequency). No guidelines for idealisation
have been proposed as a function of aspect ratio, reduced frequency
and Mach number. Furthermore, there is a downwash collocation
point on the centreline of the box whose location is never discussed.
Woodward suggested 95% of the box chord although 85% is used in
ZONA6. The sensitivity of results to this choice has never been
published.

The present DLM code is not a commercial code, however, it is
available for free from the author to anyone wishing to repeat the
calculations or to inspect the code.
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